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BY 
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Chairman:  James  K.  Brooks 

Major  Department:  Mathematics 

This  work  develops  the  theory  of  the  stochastic  integral  of  an 
optional  process  H with  respect  to  a special  semimartingale  X.  The 
theory  is  developed  in  three  settings,  with  three  distinct  approaches 
to  the  construction  of  the  integrals.  In  each  setting,  the  integrals 
are  first  defined  when  X is  a square  integrable  martingale  and  are 
then  naturally  extended  to  special  semimartingales. 

The  first  setting  takes  H to  be  real  valued  and  X to  be  Hilbert 
valued.  The  approach  in  this  case  is  similar  to  the  classical 
compensated  stochastic  Integral,  when  both  processes  are  real  valued, 
and  uses  the  properties  of  the  square  bracket  of  Hilbert  valued 
semimartingales. 

In  the  second  setting,  H takes  values  in  a separable  Hilbert 
space  and  X is  real  valued.  The  integral  is  constructed,  when  X is  a 
square  integrable  martingale,  by  means  of  an  orthonormal  expansion  of 

H. 


V 


The  third  setting  takes  both  H and  X to  be  Hilbert  valued.  The 
approach  in  this  case  offers  a more  natural  definition,  when  X is 
square  integrable,  by  representing  the  optional  stochastic  integral  in 
terms  of  a predictable  stochastic  integral.  Moreover,  this  method  may 
be  applied  to  the  previous  two  settings,  in  the  case  of  bounded  H,  and 
in  particular  to  the  classical  compensated  stochastic  integral. 

All  three  approaches  offer  true  compensated  stochastic  integrals 
which  are  extensions  of  the  predictable  stochastic  integral  and  which 
agree  with  the  classical  integral  when  the  Hilbert  space  is  the  real 
line.  The  properties  of  the  integrals,  including  convergence 
theorems,  are  studied  in  detail  in  each  setting. 

The  work  concludes  with  the  application  of  the  three  integrals  to 
the  theory  of  stochastic  integration  in  nuclear  spaces.  Once  again, 
the  integrals  are  defined  in  three  settings,  which  are  analogous  to 
the  previously  defined  settings.  The  properties  of  these  integrals 
are  easily  determined,  by  reducing  to  the  properties  of  the  optional 
integrals  in  Hilbert  space. 
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CHAPTER  I 
INTRODUCTION 

The  modern  theory  of  the  stochastic  integral  has  long  been  a much 
studied  and  useful  concept  in  the  field  of  probability.  For  example, 
the  study  of  stochastic  differential  equations  and  Brownian  motion 
fundamentally  relies  on  the  stochastic  Integral  and  in  fact  led  to  its 
development  as  a theory.  There  are  numerous  texts,  papers,  and 
lecture  notes  on  stochastic  Integrals,  dating  as  early  as  the  work  of 
Ito  in  194^1,  and  Meyer  gives  perhaps  the  most  masterly  exposition  of 
the  theory  of  real  stochastic  integration  [4,  11].  Kunita  [8]  was  the 
first  to  consider  integrals  of  Hilbert-valued  processes.  The  theory 
in  Hilbert  space  has  since  been  widely  developed  by  Metivier  and 
others  [9,  10]. 

More  recently,  the  theory  has  been  developed  for  defining  the 
stochastic  integral  of  a wide  class  of  Banach-valued  predictable 
processes  with  respect  to  another  wide  class  of  Banach-valued 
processes.  There  are  many  different  approaches  to  developing  the 
stochastic  integrals  in  these  cases.  For  example,  the  theory  of 
vector  measures  is  a powerful  tool  in  defining  integrals  with  respect 
to  operator-valued  processes.  This  approach  Involves  defining  a 
measure  m on  an  algebra  of  sets,  which  generates  the  predictable  a- 
algebra,  and  then  obtaining  a countably  additive  extension  of  m to  the 
entire  predictable  a-algebra.  The  role  of  the  predictable  0-algebra 
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is  fundamental  to  this  approach  and  in  fact  to  the  general  development 
of  the  stochastic  integral.  In  certain  cases,  the  stochastic  integral 
has  been  extended  to  include  optional  processes.  The  essential  goal 
in  this  study  is  to  make  a complete  extension  of  the  stochastic 
integral  in  Hilbert  space  to  optional  processes. 

In  the  case  of  real-valued  processes,  Dellacherie  and  Meyer 
give  the  classical  extension  of  the  stochastic  integral  to  optional 
processes.  When  integrating  with  respect  to  a square  integrable 
martingale,  they  define  the  integral  in  terms  of  an  operator  on  L^. 
Using  the  theory  of  h''  spaces  and  BMO  spaces,  they  also  make  the 
extension  for  integrating  with  respect  to  a local  martingale.  We 
shall  see  that  these  methods  extend  naturally  to  defining  the 
stochastic  integral  of  a real  optional  process  with  respect  to  a 
Hilbert-valued  special  semimartingale. 

Other  less  successful  extensions  to  optional  processes  have  also 
been  made.  By  working  with  a continuous  semimartingale  X,  Laurent 
Schwartz  [13]  was  able  to  define  a natural  extension  to  optional 
processes.  He  approximates,  in  some  sense,  an  optional  process  H by  a 
predictable  process  H^  and  defines  the  integral  of  H with  respect  to  X 
to  be  the  integral  of  H^  with  respect  to  X.  Similarly,  Metivier  [9] 
gives  an  example  of  extending  his  integral  to  include  optional 
processes  by  integrating  with  respect  to  a semiraartingale  with  a 
continuous  control  process.  These  extensions  are  natural  and 
immediate;  however,  they  rely  on  the  very  special  continuity 
conditions.  The  essential  problem  is  to  define  the  integral  of  an 
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optional  process  with  respect  to  a noncontinuous  semimartingale . We 

shall  see  that  we  may  do  so  for  special  semimartingales. 

The  problem  of  defining  the  stochastic  integral  of  a predictable 

process  H with  respect  to  a semi m.art ingale  X essentially  reduces,  in 

the  real  valued  case,  to  the  case  when  X is  a square  integrable 

martingale.  One  would  like  the  integral,  H*X,  of  H with  respect  to  X 

to  be  defined  as  naturally  as  possible.  In  particular,  if  X is  a 

process  of  finite  variation  and  H is  bounded,  we  would  like  H*X  to  be 

the  usual  Stieltjes  integral  dX  . Moreover,  if  H is  of  the  form 

^ s s 

H = K 1,  ,,  where  K is  bounded  and  F.  -measurable,  we  would  like 

^ t t ^ 

to  define  H*X  by  H*X  = (X  - X ).  We  would  also  like  the  integral 
to  have  certain  aesthetic  properties,  such  as  linearity  in  H and  X, 
and  to  satisfy  convergence  theorems. 

The  method  of  vector  measures  is  a natural,  though  not  the 
classical,  method  of  defining  H*X  for  predictable  H and  square 
integrable  X.  We  consider  processes  of  the  form 


" = ^A^CO]  ^ ^B;]t^,t^]  ^ 


+ 1 


]t  ,t  .]’ 
n’  n+1 


where  is  in  F^,  B.  is  in  F^  for  i = 1 , . . . ,n , and 

i 

0$t-<t,  <...<t  ,<». 

0 1 n+1 

These  processes  form  an  algebra  C and  generate  the  predictable  a- 
algebra.  We  define  a measure  I on  C by 

A 


■ ’a„Xo  * 'b„«. 


* 'b  , 

n n+1 


-XI, 


is  an  L -valued,  finitely  additive  measure  on  C.  It  can  be  shown 

that  has  a unique  countably  additive  extension  to  the  predictable 

0-algebra.  Then  for  every  bounded,  predictable  process  H,  we  let 

(H*X)t  = general,  H-X  is  defined  for  any  predictable 

process  H that  is  integrable  with  respect  to  the  measure  I . This 

X 

method  extends  naturally,  though  nontrivially , to  Banach-valued  and 
operator-valued  processes.  Schwartz  [13,  p.  66]  has  shown,  however, 
that  this  method  cannot  be  carried  out  for  optional  processes  in  an 
analogous  manner,  even  in  the  real  valued  case.  Thus,  we  also  have  no 
hope  of  using  this  method  for  optional  processes  in  Hilbert  space. 

We  now  consider  the  problem  of  defining,  in  the  most  natural  way, 
the  stochastic  integral  H^X  of  an  optional  process  H with  respect  to  a 
semimartingale  X,  so  that  H^X  = H*X  when  H is  predictable.  We  shall 
see  in  Chapter  III  that  this  integral  cannot  possibly  agree  with  the 
Stieltjes  integral  when  X is  a process  of  finite  variation,  unless  of 
course  H is  predictable.  Yor  [16]  has  defined  one  such  integral  H*X 
again  in  terms  of  a predictable  stochastic  integral.  He  approximates 
an  optional  process  H,  when  possible,  by  a locally  bounded  predictable 
process  H such  that  H - H^  is  thin  (or  scanty)  and  defines  H*X 
by 

H*X  = H^ -X  + Z (H  - H^ )AX  , 
s^t  ® ^ ^ 

provided  the  sum  is  absolutely  convergent  for  every  t.  One  sees 
immediately  that  this  integral  agrees  with  that  of  Schwartz,  mentioned 
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above,  when  X is  continuous.  However,  unless  X is  of  finite 
variation,  one  cannot  verify  that  even  bounded  H are  integrable  in 
this  sense.  The  second  goal  in  this  study  is  to  give  a natural 
definition  of  the  stochastic  integral  of  a wide  class  of  optional 
processes,  in  terms  of  the  predictable  stochastic  integral,  in  both 
the  real-valued  case  and  in  Hilbert  space.  The  outgrowth  of  this 
research  stemmed  from  joining  Professor  James  K.  Brooks  in  his  study 
of  stochastic  integration  of  abstract  processes. 

We  shall,  therefore,  develop  the  theory  of  the  stochastic 
integral  H^X  of  an  optional  process  H with  respect  to  a special 
semimartingale  X in  three  distinct  settings.  In  each  case,  the  class 
of  processes  H for  which  we  define  the  integral  will  include  all 
locally  bounded  processes.  Moreover,  H*X  will  agree  with  the 
predictable  stochastic  integral  H*X  when  H is  predictable.  In  each 
setting,  the  integrals  are  first  defined  when  X is  a square  integrable 
martingale  and  are  then  naturally  extended  to  special 
semimartingales.  The  properties  of  the  integrals  are  studied  in 
detail  in  each  setting.  This  work  is  as  self-contained  as  practically 
possible  and  contains  a chapter  on  the  predictable  stochastic 
integral  in  Hilbert  space.  This  chapter  also  contains  the  fundamental 
theorems  on  the  square  bracket  [X,  Y]  of  Hilbert-valued 
semimartingales  X and  Y and  h'^  and  BMO^  spaces  of  Hilbert-valued 
martingales. 

In  our  first  setting  for  defining  the  optional  integral.  Chapter 
III,  we  take  H to  be  real-valued  while  X takes  values  in  a separable 
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Hilbert  space.  H^X  will  be  a Hilbert-valued  semimartingale  and  will 
be  a square  integrable  martingale  if  X is.  The  approach  in  this 
setting  is  similar  to  the  classical  optional  (also  called  compensated) 
stochastic  integral  for  real  processes  given  by  D^llacherie  and  Meyer 

C^]. 

In  Chapter  IV,  we  shall  let  X be  real-valued  while  H takes  values 

in  a separable  Hilbert  space.  Again  H-X  will  be  a Hilbert-valued 

c 

semimartingale  and  if  X is  a square  integrable  martingale,  then  so  is 
In  this  setting,  we  shall  use  an  alternate  approach  for 
constructing  the  integral.  When  X is  square  Integrable  though,  we  may 
use  an  orthonormal  expansion  of  H to  reduce  to  the  real-valued  case. 

Finally,  in  Chapter  V,  we  consider  the  case  when  both  H and  X are 
Hilbert-valued.  We  begin  by  letting  H be  bounded  and  X be  a square 
integrable  martingale.  The  approach  in  this  case  gives  us  the  natural 
definition  of  H^X  in  terms  of  the  predictable  stochastic  integral. 

This  method  applies,  in  particular,  to  the  real-valued  case  and  we 
shall  show  that  it  may  also  be  used  to  define  H*X,  when  H is  bounded, 
in  the  previous  two  settings. 

We  conclude  by  applying  the  three  integrals  to  the  theory  of 
stochastic  integration  in  nuclear  spaces.  Once  again,  we  shall  define 
integrals  in  three  settings,  which  are  analogous  to  the  previously 
discussed  settings.  The  properties  of  these  integrals  will  be  easily 
determined,  by  reducing  to  the  properties  of  the  optional  integrals  in 
Hilbert  space. 
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Throughout  this  manuscript,  we  work  with  an  underlying 

probability  space  (n,  F,  P)  with  a filtration  (F^)  that  satisfies  the 

usual  conditions.  Moreover,  we  assume  that  F = F and  F = F 

0“  0 <”' 

The  space  E will  always  denote  a real,  separable  Hilbert  space.  In 

Chapters  II-V,  the  processes  with  which  we  work  will  always  be  either 

real-valued  or  E-valued.  We  point  out  that  all  semimartingales  (in 

particular,  local  martingales,  martingales,  and  processes  of  finite 

variation)  are  adapted  and  cadlag.  Finally,  we  shall  denote  by  V? 

E 

2 

(resp.  M ) the  space  of  E-valued  (resp.  real-valued)  square  integrable 
martingales  which,  by  identifying  such  a martingale  with  its  limit  at 
infinity,  is  Isometrically  isomorphic  to  L^(Q,  F,  P,  E)  (resp. 

L^(«,  F,  P,  R)). 


CHAPTER  II 

THE  PREDICTABLE  STOCHASTIC  INTEGRAL, 

SQUARE  BRACKET,  AND  APPLICATIONS 

This  chapter  contains  fundamental  theorems  on  the  predictable 
stochastic  integral  for  real  and  Hilbert-valued  processes  and  the 
square  bracket  [X,  Y]  for  Hilbert-valued  semimartingales  X and  Y. 

These  classical  results  appear  in  much  the  same  form  in  many  books  and 
papers  [see  3i  8,  9,  10,  and  11]  and  proofs  are  given  only  for 
selected  theorems  in  which  the  classical  proofs  for  real-valued 
processes  do  not  extend  naturally  to  Hilbert  space.  We  also  give 
applications  to  H^  and  BMO  spaces  of  Hilbert-valued  processes,  again 
to  which  many  of  the  classical  proofs  from  Dellacherie  and  Meyer  [4] 
still  apply. 


1 . The  Predictable  Stochastic  Integral 
In  this  section,  we  give  a list  of  theorems  on  the  predictable 
stochastic  integral  H*X  of  a predictable  process  H with  respect  to  a 
square  integrable  martingale  X.  H and  X may  be  either  real  or  Hilbert 
valued.  Juxtaposition  of  processes  will  denote  either  the  product, 
scalar  product,  or  inner  product  depending  on  whether  the 
corresponding  processes  are  real  and/or  Hilbert-valued.  The  symbol 
I*!  will  denote  either  absolute  value  or  the  norm  of  the  separable 
Hilbert  space  E and  ( , ) will  denote  the  inner  product  in  E. 
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1  DEFINITION.  Let  X be  a square  integrable  martingale, 
the  space  of  predictable  processes  H such  that 


L^(X)  is 
P 


|H|^  = (E[/"|Hg|^d<X,  < ». 

(Recall  that  <X,  X>  is  the  unique  real  Increasing  predictable  process 
2 

such  that  |x^|  - <X,  X>^  is  a uniformly  integrable  martingale  which 

is  zero  at  0.) 


2  DEFINITION.  An  elementary  predictable  process  H is  a process  of 
the  form 


^ ^n^]t  ,t  .] 
n’  n+1 


where  K are  bounded,  F -measurable,  (F  = F ) and 

^i  0 

0 < t^  < t < ...  < t < ». 

0 1 n+1 


3  THEOREM.  Elementary  predictable  processes  are  dense  in  L (X) 

P 


Sketch  of  Proof;  We  first  remark  that  we  may  replace  <X,  X>  in 
2 

the  definition  of  L (X)  by  any  integrable  increasing  process  and  the 
theorem  remains  valid.  By  truncating,  it  suffices  to  prove  the  result 
for  bounded  H.  If  H is  real-valued,  the  result  is  true  by  a monotone 
class  argument,  since  the  elementary  predictable  processes  generate 
the  predictable  a-field. 

For  H E-valued,  let  {e^}  be  an  orthonormal  basis  of  E.  Then 

H = where  h"  = (H,  e^),  and  |Hg|^  = z|h"|^.  Let  e > 0 be 

n n ^ 

given. 
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For  every  n,  there  exists  an  elementary  process  such  that 

E[/"|h'^  - L"|^d<X,  X>  ] < — . 

•'  3 s'  s 

Let  L = Eh'^e  . L is  now  E-valued  and  elementary  and 
n 

^>3^  = E[/"i|Hg  - Lg|^d<X,  X>g] 

n 

= j:ec/"|hJ  - L"|^d<X,  x>  ] < e. 

n 3 3 s 

4 THEOREM.  Let  one  of  H and  X be  real-valued.  If  H is  in  L^CX) 

P 

then  there  exists  a unique  square  integrable  martingale  H*X,  called 
the  stochastic  integral  of  H with  respect  to  X,  such  that  for  every 
square  integrable  martingale  Y,  having  the  same  range  as  X, 

E[(H-X)  Y ] = ECrH  d<X,  Y>  ]. 

00  CO  ^33 

If  H is  elementary  of  the  form  in  Definition  2,  then 
(4.1)  H-X  = K_^Xq  + Kq(X^^  - X^°)  + ...  + - X*""). 

5 THEOREM.  Let  H and  X be  E-valued.  If  H is  in  L^CX),  then  there 
exists  a unique  real  square  integrable  martingale  H*X,  called  the 
stochastic  integral  of  H with  respect  to  X,  such  that  for  every  real 
square  integrable  martingale  Y 

E[(H-X)  Y ] = E[J"h  dA^] 

Y . * 

where  A is  the  E (=E) -valued  process  of  Integrable  variation 


defined  by 


(<P,  A^(w))  = < Y,  (<p,  X)>^(w),  ())  in  E. 

Moreover,  the  processes  <H*X,  Y>  and  J^H  dA^  are  indistinguishable. 

s s 

Proof:  The  uniqueness  is  obvious  for  if  another  such  square 

integrable  martingale  K existed,  we  would  have  that,  for 
2 

every  Y_^  in  L (f2,  F,  P,  R), 

E[(H-X)  Y ] = E[K  Y ] 

00  00  00  00 

and  hence  that  (H*X)  = K a.s.  It  follows  that  H*X  and  K are 

00  CO 

indistinguishable . 

Kunita  [8]  gives  the  classical  construction  of  H*X.  If  H is 
elementary,  in  the  form  of  Definition  2,  then 

t t 

H-X  = (K_^ , Xq)  + + (K^,  X - X "). 

H*X  is  a square  integrable  martingale  and 

|(H.X)J  < |Hl 

L 

If  H is  in  Lp(X),  then  H*X  is  the  limit  in  M of  the  sequence  (H  *X), 
where  (h"^)  is  any  sequence  of  elementary  predictable  processes 

2 p 

converging  to  H in  L^(X).  The  mapping  H ->■  H»X,  from  L (X)  into 

P p 

w2  , 

M , is  a linear  contraction. 

Before  continuing  with  the  proof,  we  list  some  basic  properties 


of  the  sharp  bracket. 
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If  U and  V are  E-valued  square  integrable  martingales  and  S and  T 
are  stopping  times  with  S ^ T,  then 


(5.1 ) 


<u'^  - U^,  - V^>  = <U,  V>"^  - <U,  V>^ 


and 


(5.2)  r|d<U,  V>  I < (/”d<U,  U>  )^^^(J”d<V,  V> 


/2 


a .3. 


which  follows  from  the  Kunita-Watanabe  Inequality,  and  if  U is  real- 
valued, then  for  every  (J)  in  E 


(5.3) 


<U(|),  U<()>  = U <U,  U> 


and 


(5.^0 


<U,  ((j),V)>  = <U(j),  V>, 


Now  let  Y be  a real  square  integrable  martingale.  We  shall  show 


,Y  . 


A is  of  integrable  variation.  We  suppress  the  Y in  the  notation. 
L'St  » •••  . } be  an  increasing  sequence  of  partiti 


ons 


n 

of  [0,  “]  such  that  lim  mesh(ir  ) = 0.  Then 

n 

n>oo 


k -1 

J“|dAg|  = sup  j:  |Aj.  - A I 
i=0  i+1  i 


k -1 
n 

= sup  Z ( sup  I ((}),  A )-(<(),  A ) I ) 
n i=0  (fieE  i + 1 i 


I^|<1 


k -1 
n 


= sup  Z ( sup  |<Y((i,  X>  - <Y(j),  X>  |) 

L>  , * 


n i=0  ((leE 


i+1 


k -1 
n 


“ ^1+1 

= sup  Z ( sup  |<Y  <|)  - Y (|),  X - X >^]) 

n i=0  4)eE 
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k -1 
n 


^ sup  Z ( sup  |°°|d<Y  - Y ^()),  X 

n i=0  4)eE 

|({.|<1 


X S I ) 
s ' 


k -1  ^ 

n t._^ 

^ sup  E <Y 

n i=0 


t.  3 t 
Y ^>^<X 


1 


00 


k -1  1 1 

n - - 

= sup  E (<Y,  Y>  - <Y,  Y>  )^(<X,  X>  - <X,  X>. 

n i=0  i + 1 ’^i+1 

k -1  1 k -1  1 

n 2 " ? 

< sup(  E <Y,  Y>  - <Y,  Y>  ) ( E <X,  X>  - <X , X>,  ) 

n i=0  "^i  + l i=o  ^i  + 1 

< <Y,  Y>^  <X,  X>^  . 

00  ' 00 

Thus,  Is  of  integrable  variation,  since  <Y,  Y>^^^  <X.  X>^^^  is 

00  ’ 00 

integrable . 

We  next  note  that  if  Z is  a real  square  integrable  martingale 
that  is  zero  on  [0,  t^],  then 

(YZ  - <Y,  Z>)  ° = YZ  ° - <Y,  Z °>  = 0. 

That  is,  YZ  - <Y,  Z>  is  a uniformly  integrable  martingale  which  is 
also  zero  on  [0,  t^].  Thus,  for  any  -measurable,  bounded,  random 
variable  H,  YHZ  - H<Y,  Z>  is  a uniformly  integrable  martingale  which 
is  zero  at  0.  Thus, 

(5.5)  <Y,  HZ>  = H<Y,  Z>. 

Next,  suppose  that  Z is  an  E-valued  square  integrable  martingale  which 
is  zero  on  [0,  Let  be  the  E-valued  process  of  integrable 


variation  given  by 


(ip,  B^(w))  = <Y,  ((j),Z)>^(w) , (<)  in  E. 


Then  for  every  F in  F and  for  every  (|>  in  E,  (<p,  Z)  is  real  valued: 

0 

thus,  by  (5.5), 


(Tp<P.  B^)  = 1p(<j,,  B^)  = 1p<Y,  (4>,  Z)>^ 


= <Y,  Z)>^  = <Y,  Z)>^. 

It  follows  that  if  K is  a simple,  F -measurable,  E-valued,  random 

n ^0 

vector  of  the  form  K = E 1 (^l  , with  F,  in  F,.  and  rf.,  in  E,  then 

i = 1 ^i  ^ ^ ^ 

(5.6)  (K,  B^)  = <Y,  (K,  Z)>. 

If  K is  a bounded,  F -measurable,  random  vector,  then  there 

0 

exists  a sequence  (K*^)  of  simple,  F -measurable,  random  vectors  such 
n ° 

that  lim  K = K a.s.  and  |k^|  ^ |kI  a.s.  for  all  n.  By  the  dominated 

n^oo 

convergence  theorem,  it  follows  that  (k"^,  Z^)  converges  to  (K,  Z ) in 

2 n 2 

L ; hence,  (K  , Z)  converges  to  (K,  Z)  in  M . We  then  have  for  every 

t 


E[|<Y,  (k",  Z)>^  - <Y,  (K,  Z)>J] 

= E[|/*^d<Y,  - K,  Z)>g|] 

^ E[J"|d<Y,  (K^  - K,  Z)>  |] 

s 

^ E[(/"d<Y,  Y>  )^'^^(/"d<(K"  - K,  Z),  (k"  - K,  Z)>  ) ^ ^^] 
s s 
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S (Et<Y,  Y>^])'''^(E[<(k"  - K,  Z),  (k"  - K, 

■ |lj  2i<""  - "•  ZJI  2- 
Ij  l 

The  second  inequality  is  by  (5.2)  and  the  third  is  Holder’s 

inequality.  Thus,  <y,  (k*^,  z)>  converges  to  <Y,  (K,  Z)>  in 

t t 

L . But,  by  dominated  convergence,  <Y,  (k",  Z)>  = (K*^,  B^)  converges 

Z 1 

to  (K,  B^)  in  L . Hence,  for  every  t,  <Y,  (K,  Z)>  = (K,  B^)  a.s.  By 
right  continuity,  we  have  (up  to  an  evanescent  set) 

(5.7)  <Y,  (K,  Z)>  = (K,  B^). 


We  are  now  prepared  to  prove  the  characterization  of  H*X.  First, 
suppose  H is  elementary  of  the  form  H=K  1p,+K1,  +.., 

* V]t  ,t  ,]•  * '"o’  * •••  * 

n n+1  ^ 

^ +1  ^ t t 

(Kn»  A " - A '^)  and  H-X  = (K_^  , X^)  + (K^,  X ’ - X ^)  + ... 

^ (^n’  ^ -x”^).  Z^=X^^-X^is  zero  on  [0,  t^],  so  by 

(5.7) , we  have 


(5.8) 


Z. 


(K.,  B ^)  = <Y,  (K,  zS>,  i = 0 n. 

t. 


^i+1  ^1  ^1+1  ^ • 

However,  A - A = <Y,  ( • , X)>  - <Y,  ( • , X)>  ^ 


t t. 

<Y,  (.,  X - X ^)> 


= <Y,  (.,  Z^)> 
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Similarly,  for  Z - X = X^,  we  have  that  and  hence  that 

~ ^^-1’  ^0^^’  ^°S®ther  with  (5.8)  this  implies 

(5.9)  H*A^  = <Y,  H*X>. 

In  particular,  E[/"h  dA^]  = E[<Y,  H*X>  1 

•'  S S a> 

= E[Y  (H-X)  ]. 

00  00 


Now  let  H be  bounded  and  predictable.  Then 

1^3!  + |dA^|)]  < ”.  By  Theorem  3»  there  exists  a 

sequence  (H^)  of  elementary  predictable  processes  such  that 


lira  E[/”|Hg  - H |^(d<X,  X>  + |dA^|)]  = 0. 

Then  (h”)  converges  to  H in  L^CX)  and  hence  (H‘’^«X)  converges  to  H*X 
2 

in  M , since  the  mapping  H ->■  H-X  is  a contraction.  By  (5.2)  and 

Holder's  inequality,  we  have  for  every  t that  <Y,  h‘^-X>  converges  to 

t 

<Y,  H-X>^  in  Since 


1/  ^ ri«3  - 


we 


have  that  <Y,  h'^-X>  = J^H^dA^  converges  in  L^,  and  thus  in  l\ 

^ 33 


to  f^H  dA 
•'  s s 


t„  ,.Y 

s' 

It  follows  that  for  every  t. 


/\dA^  = <Y,  H-X>.  a.s. 

3 3 ^ 


By  right  continuity,  the  processes  are  Indistinguishable. 
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Finally,  let  H be  in  L^(X).  Let  h"  = HI , Each  h"  is 

P l|H|<n} 

bounded  and  by  dominated  convergence,  (H*^)  converges  to  H in  L^(X). 

P 

Hence,  (h"*X)  converges  to  H*X  in  M^.  Again  by  (5.2)  and  Holder's 

inequality,  we  have  for  every  t that  <Y,  h”*X>  converges  to 

t 

<Y,  H.X>  in  L^. 

The  processes  J^H^dA^  and  <Y,  h'^«X>  are  equal  and  thus  have  the 

So  C 

same  variation,  /^|H"||dA^|  and  /^ld<Y,  h”*X>  I respectively.  It 

S3  S 

follows  again  by  (5.2)  that 


B:ciriH"iidA^"i  ^ EcriH^ 


= E[/"|d<Y,  (h"  - h'").X>  |] 

^ UJ  2- 

L 

Thus,  the  sequence  (/* | h" [ | dA^| ) is  Cauchy  in  L^q,  F,  P),  which  is 

complete.  Its  pointwise  limit  must  then  also  be  in  l\  Since  (|h"|) 

increases  to  |h|  , we  have  by  monotone  convergence  that  J”|H*^||dA^[ 

s s 

converges  to  J”|H  ||dA^|  for  a.e.  w and  hence  in  L^(q,  F,  P). 
s s 

Moreover,  since  (H^)  converges  to  H pointwise,  we  have 


(5.10)  lim  J |Hg  - H |[dA^|  = 0 for  a.e.  w. 

n->-o»  ® 

fOO  Y 

Since  J |Hg||dAg[  is  integrable,  we  have  for  a.e.  w and  for  all  t that 


s riH  II<ia)|  < 


ft  Y 

So  the  process  J H dA  is  defined  (outside  of  an  evanescent  set). 

3 3 


Then  for  every  t. 
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Y 

3 


So  for  a. e.  w,  f H dA  = lim  f H dA  for  all  t. 

•’  3 S ■'3  3 

n->-” 

Since  J^H^dA^  = <Y,  H^*X>  converge3  in  to  <Y,  H*X>  , we  have 
that  for  every  t 

dA^  = <Y,  H*X>^  a. 3. 

•'33  t 

By  right  continuity,  the  proceeeee  are  indiatinguiehable . In 
particular,  E[|"HgdA^]  = E[<Y,  H*X>^] 

= E[Y^(H-X)^]. 

6 THEOREM.  Let  (H*^)  converge  to  H in  L^(X).  There  exists  a 

^ "i 

subsequence  (n.)  such  that  for  almost  every  w,  (H  *X)  converges 
1.  s 

to  (H*X)  uniformly  in  s. 
s 

7 THEOREM.  Let  H be  in  L^(X).  If  H is  E-valued  and  X is  real,  or  if 

P 

H is  real  and  X is  E-valued,  then  <H*X,  H*X>  = |h|^*<X,  X>. 

Proof : The  proof  is  the  same  in  either  case.  It  suffices  to  show 

2 2 

|H*X|  - |h|  -<X,  X>  is  a uniformly  integrable  martingale  which  is 

zero  at  0.  The  result  will  then  follow  from  the  uniqueness  of  the 
sharp  bracket.  First  let  H be  elementary  of  the  form  H = K i1[-q-] 

0 n 


Then 
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(7.1)  |h-x|' 


|K  X |2  + E |K  - x’'^)!^ 

i=0  ^ 


n t t. 

+ 2 Z (K  (X  ^ ^ - X ^),  K ,X^) 
i=0  ° 


+ Z (K  (X  - X ^),  K.(X  - X^-^)), 
i^j  J 


and 


(7.2)  |h|^.<X,  X>  = 1k_J^<X,  X>^ 


n t t 

5:  Ik  I (<x,  x>  ^ - <x,  x>  ^) 

i=0 


^'i  + l 

X - X is  a square  Integrable  martingale  which  is  zero 


on 


1 + 1 

[Of  thus,  so  is  K^(X  - X ),  since  is  bounded  and 

-measurable.  Since  K_^X^  is  a square  integrable  FQ-measurable 
^ t t 

random  vector,  (K^(X  - X ),  K_^Xq)  remains  a uniformly  integrable 


martingale,  for  each  i=0 n. 

t,..  t,  t. 


For 


l.J.  (X  - X h(x  J*'  - x‘j 


) is  a uniformly  integrable 


martingale,  right  closed  by  (X.  - X.  ) (X.  “ X.  ) , and  is  zero 

1*1  h '^J*i 

[0,  tj^  V Since  K^Kj  is  bounded  and  F^  -measurable, 

J 


on 


K.Kj(X  - X ^)(X*^J'"^  - 


X '^)  = (K^(X  - X^^),  Kj(x'^J^‘'  - X*^J 


)) 


remains  a uniformly  integrable  martingale,  for  each  i=0,...,n. 

Since  |K_^  | <X,  X>^  = |K_^|^|Xq|^  = |K_^Xq|^,  by  subtracting 
(7.2)  from  (7.1),  it  remains  to  be  shown  that 
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1)^ 


- (<x,  x> 


i + 1 


<X,  X>  ^)] 


is  a uniformly  integrable  martingale,  which  is  zero  at  0.  This 
follows  from  the  definition  of  the  sharp  bracket;  since 


<X 


t.  , t,  t.  t 

1+1  i „ i+1  i 


X \ X - X ">  = <x,  x>  - <X,  X>  \ 


*^i  + 1 „^i.2 


(X  - X - (<X,  X>  - <X,  X>  ") 


is  a uniformly  integrable  martingale  which  is  zero  on  [0,  t.].  The 

2 

result  follows  since  |K.|  is  bounded  and  F -measurable. 

^ t , 

2 n ^ 

For  H in  L^CX),  let  (H  ) be  a sequence  of  elementary  processes 

converging  to  H in  L^(X).  Then  y"  = |h".X|^  - |h"|^.<X,  X>  is  a 

uniformly  integrable  martingale.  Let  Y = |H*X|^  - [h|^*<X,  X>. 

For  every  t ;£  ® and  every  A in  F , 

t 

If  iHg  - Hg|^d<X.  X>gdP  2 5h"  - H|J;  hence, 

/J’^|Hg|^d<X,  X>  dP  = //^|h  |^d<X,  X>  dP. 
n-»-®  A A ^ ® 

Moreover,  |((h"-  H)-X)  = E[/^|h"  - H |^d<X,  X>  ] 

t ' 3 s'  3 

^ |h"  - H|^. 

Hence,  lim  /|(h"-X)  |^dP  = /[(H-X) J^dP. 

n->-®  A A ^ 

Thus,  Jy^dP  = lim  /y"dP  = lim  /y"dP  = Jy  dP. 

A n^»  A “ n-*-®  A ^ A ^ 

That  is,  E(Y^|f^)  = Y^  a.s.  and  Y is  a uniformly  integrable 
martingale.  Since  (|h|^.<X,  X»^  = IHqI^IXqI^  = |(H.X)q|^, 
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Y is  zero  at  0.  Hence, 

<H-X,  H-X>  = |h|^.<X,  X>. 

2.  Properties  and  More  Theorems 

Keeping  the  notation  of  Section  1,  we  shall  list  some  properties 
of  H-X  and  then  extend  the  predictable  stochastic  integral  for  a 
locally  bounded,  predictable  process  H with  respect  to  a 
semimartingale  X. 

1 THEOREM. 

(a)  If  H is  in  L^(X)  and  L^CY),  then  H is  in  L^(X  + Y)  and 

P p p ' 

H*(X  + Y)  = H*X  + H*Y. 

(b)  Let  H and  K be  in  l5(X).  Then  H + K is  in  L^(X)  and 

p p'  ' 

(H  + K)*X  = H*X  + K*X. 

2 THEOREM.  Let  H be  in  L^(X). 

P 

(a)  |h«X|  = J(H‘X)  I ^ |h|  , with  equality  if  one  of  H or  X is 

M L ^ 

real-valued . 

(b)  A(H-X)  = HAX;  (H-X)^  = H^Xq. 

T T 

(c)  (H*X)  = H*X  = H1[o,T]*^’  stopping  time  T. 

(d)  If  X is  also  a process  of  finite  variation,  then 

(H*X)  = J^H  dX  , for  locally  bounded  H. 

3 REMARKS.  Let  X be  a semimartingale  and  let  H be  a bounded, 
predictable  process.  We  may  write  X = X^  + M + A,  where  M is  a local 
martingale  with  bounded  Jumps,  A is  a process  of  finite  variation. 
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and  ^0  “ ® “ ^0'  locally  square  integrable;  that  is,  there 

exists  a sequence  of  stopping  times  (T  ) which  increase  to  » such 
»P  n 

that  M is  a square  integrable  martingale  for  each  n.  By  Theorem 

"^n+1  ”^n 

2(c),  (H*M  ) = H*M  . We  may  then  define  H*M  by  pasting 

T-  T T 

together.  We  let  H-M  = lim  H*M  so  that  (H»M)  " = H-M  H-M  is 

n-»-® 

well“def ined , independent  of  the  choice  of  (T  ),  Moreover,  for  every 
stopping  time  T 

(3.1)  (H-M)^  = HIj-q 

We  define  H*A  to  be  the  Stieltjes  integral  (H*A)  = f^H  dA 

t •'as 

Again  for  every  stopping  time  T 

(3.2)  (H-A)"^  = HIj-q^^^.A  = H-a'^. 

Finally,  we  define  H*X  = H*A.  By  localizing  and  applying 

Theorems  1(a)  and  2(d),  we  see  that  H*X  is  well-defined,  independent 
of  the  decomposition  of  X.  Moreover,  for  every  stopping  time  T 

(3.3)  (H-X)'^  = ^j.x  = H-X^. 

4 REMARKS.  If  H is  locally  bounded  and  zero  at  0,  then  there  exists 
a sequence  of  stopping  times  (1j^)f  which  increase  to  ”,  such  that 
^^[0,T  ] bounded  for  each  n.  By  (3.3),  we  may  define  H»X  by 

pasting  together.  We  let  H.X  = lim  HI  -X,  so  that 

^ n-»’»  ^ ’ n"^ 

(H*X)  = HI -Q  ^ well-defined,  independent  of  the  choice 

of  (T  ).  If  H is  not  zero  at  0,  we  define  H*X  = H X HI  *X. 

0 0 ]0,®[ 
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5 THEOREM.  Let  H be  a locally  bounded,  predictable  process  and  let  X 
be  a semimartingale. 

(a)  H»X  is  a semimartingale. 

(b)  If  X is  a local  martingale,  then  so  is  H*X. 

(c)  If  X is  a process  of  finite  variation,  then  so  is  H*X. 

Moreover,  (H*X)^  = f^H  dX  . 

t s s 

(d)  If  H is  elementary,  then  H*X  is  given  by  formula  1.4.  (4.1). 

(e)  If  K is  locally  bounded  and  predictable,  then 
(H  + K)-X  = H*X  + K*X. 

(f)  If  Y is  a semimartingale,  then  H*(X  + Y)  = H*X  + H*Y. 

(g)  A(H-X)  = HAX;  (H-X)^  = H^X^. 

(h)  For  every  stopping  time  T,  (H*X)'^  = HU  ..•X  = H*x'^. 

L ^ > A J 

6 THEOREM. 

(a)  Let  H be  an  E-valued,  locally  bounded,  predictable  process  and 
let  X be  a real  semimartingale.  Then  for  every  f in  E, 

(f,  H-X)  = (f,  H)-X. 

(b)  If  H is  real-valued  and  X is  E-valued,  then  for  every  f in  E, 

(f,  H-X)  = H-(f,  X). 

Proof; 

(a)  Assume  first  that  X is  a square  integrable  martingale  and  H is 
2 

in  Lp(X).  Then  for  every  real  square  integrable  martingale  Y, 

E[(f,  (H-X)  )Y  ] = E[(f,  (H-X)  Y )] 

00  00  00  00 

= (f,  E[(H-X)  Y ]) 

00  00 


we  have 


= (f,  E[/”Hgd<X,  Y>g]) 
= H )d<X,  Y>  ] 

3 S 
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= E[((f,  H)-X)  Y ]. 

00  00 

Hence,  (f,  (H*X)_^)  = ((f,  H)*X)^  a.s.,  which  implies 

(f,  H*X)  and  (f,  H)*X  are  indistinguishable. 

If  M is  a locally  square  integrable  local  martingale  which 

is  zero  at  0 and  H is  bounded,  we  choose  stopping  times 

T 

which  increase  to  » such  that  m ” is  a square  integrable 
martingale  for  each  n.  Then,  outside  of  an  evanescent  set, 

Tn  T 

(f,  H*M)  = lim(f,  H*M  ) = lim(f,  H)*M  " = (f,  H)-M. 

If  A is  a process  of  finite  variation,  then 

(f,  H.A)  = (f,  /\dAg)  = f (f,  Hg)dAg  = (f,  H).A. 
Decomposing  X as  X = X^  + M + A,  we  then  have  for  bounded  H 
(f,  H-X)  = (f,  HqXq  + H-M  + H‘A) 

= (f,  Hq)Xq  + (f,  H-M)  + (f,  H-A) 

= (f.  Hq)Xq  + (f,  H)-M  + (f,H)-A 
= (f,  H)-X. 


If  H is  locally  bounded  and  zero  at  0,  we  let  stopping 
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times  increase  to  ~ such  that  HI  is  bounded  for  each 

’ n 

n.  Then,  outside  of  an  evanescent  set, 

(f,  H-X)  = lim(f,  HI  -X)  = lim(f,  HI  )-X 

n^«  n-^  n-^co  n-* 

= (f,  H)-X, 

If  H is  not  zero  at  0,  then 

(r,  H.X)  - (f,  . (f, 

- (f,  H„)X„  * (f. 

- (f,  H)-X. 

(b)  We  first  note  that  if  X is  an  E-valued  square  integrable 

martingale  and  Y is  a real  square  integrable  martingale,  then 
for  every  f in  E,  (X,  fY)  = (f,  X)Y.  Thus,  (X,  fY)  - <(f,  X)  Y> 
= (f,  X)Y  - <(f,  X),  Y>  is  a uniformly  integrable  martingale 
which  is  zero  at  0.  Hence, 

(6.1)  <X,  fY>  = <(f,  X),  Y>. 

Then,  if  H is  in  L^CX), 

EC(f,  (H.X)„)Y„]  = E[(fY„,  (H.X)„)] 

= ECTh  d<X,  fY>  ] 

= E[/“H^d<(f,  X),  Y>  ] 

3 3 

= E[(H-(f,  X))  Y ]. 

00  00 
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Hence,  (f,  (H-X)^)  = X))_^  a.s.  and  (f,  H-X)  is 

indistinguishable  from  H*(f,  X). 

As  in  part  (a) , the  result  remains  true  for  a locally 
square  integrable  local  martingale  which  is  zero  at  0,  provided 
H is  bounded. 

If  A is  a process  of  finite  variation,  then 
(f,  H-A)  = (f,  J\dA  ) = d(f,  A ) = H-(f,A). 

S3  S S 

As  in  part  (a),  we  obtain  the  result  for  a semimartingale  and 
bounded  H and  then  for  locally  bounded  H. 

7 THEOREM.  Let  H and  K be  locally  bounded,  predictable  processes  and 
let  X be  a semimartingale.  Then  HK-X  = H*(K*X)  = K*(H*X),  provided 
one  of  the  processes  is  real-valued. 

Proof . The  theorem  is  a standard  result  when  all  three  processes  are 
real-valued  [11,  p.  313].  in  certain  other  cases,  we  may  apply 
Theorem  6 and  reduce  to  the  real-valued  case. 

(a)  Suppose  H and  K are  real-valued  and  X is  E-valued.  Then  for 
every  f in  E, 

(f,  HK-X)  = HK-(f,  X)  = H-(K-(f,X)) 

= H-(f,  K-X)  = (f,  H-(K-X)), 

outside  of  an  evanescent  set.  In  the  separable  Hilbert  space 

E,  there  exists  a countable  norming  set  (f  ) such  that,  if 

n 
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~ X = y.  Hence,  outside  of  the 

one  evanescent  set  determined  by  all  of  the  f . 

n 

HK*X  = H*(K*X).  By  symmetry,  we  have  equality  also  for 
K-(H-X). 

(b)  If  H and  X are  real-valued  and  K is  E-valued,  then  for  every  f 
in  E, 

(f,  H-(K*X))  = H-(f,  K-X)  = H*((f,K)*X) 

= H(f,  K)-X  = (f,  HK)-X  = (f,  HK-X). 

Also, 

(f,  H*(K*X))  = H«((f,  K)-X)  = (f,  K)-(H-X) 

= (f,  K-(H-X)). 

Hence,  outside  of  one  evanescent  set, 

H-(K-X)  = HK-X  = K*(H*X). 

By  symmetry,  the  result  holds  if  K and  X are  real  and  H is 
E-valued. 

(c)  Suppose  H and  K are  E-valued  and  X is  real.  By  symmetry,  it 

suffices  to  show  (H,  K)*X  = H*(K*X).  Suppose  we  have  the 

result  for  bounded  H and  K.  Then  if  H and  K are  locally 

bounded,  both  zero  at  0,  we  let  stopping  times  T increase  to  " 

n 

such  that  H1|-q  _ 1 and  Kl-  are  bounded  for  each  n.  Then, 


(H,  K)-X  . Uni(H,  K)l_  „ ,-X 


11".  ^.(K.X) 


lim  HI  .-(K-X) 

n->-®  L 


= H*(K-X). 


Then,  in  general, 


(H,  K).X  = (H  , K )X  + (H,  K)1.  -X 
u u u JO,®L 


= (H^.  (K.X)^)  . 


However,  letting  L = HI  we  have 

J0,®[ 


L-(K.X)  - L.(K„X„  . K']0..f=<) 


(L„,  K„X„)  * L.(K1^^_^j.X) 


The  last  equality  holds  since  = 0.  We  note  that  B 
is  a process  of  finite  variation;  so. 
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(L.B)^  - - 0.„, 

We  then  have  that 

(H,  K)»X  = (H  , (K*X)  ) + r*(K*X) 

U 0 ]0,<”[ 

= H*(K*X). 

So  it  suffices  to  prove  the  result  for  bounded  H and  K.  Let 
X = Xq  + M + A,  where  A is  a process  of  finite  variation,  M is 
a locally  square  integrable  local  martingale,  and  = 0 = A^. 
Then 

(H,  K)*X  = (Hq,  Kq)Xq  + (H,  K)*M  + (H,  K)*A 
and 

H*(K*X)  = (Hq,  (K-X)q)  + H*(K*M)  + H*(K-A). 

By  Theorem  5(c),  (K-A),  = f^K  dA  and  thus 

t ■'  s s 

H*(K*A)  = f*'(H  , K )dA  = (H,  K)*A. 

By  Theorem  5(g) , we  have 


(H„.  (K.X)„)  - (H„.  K„X^)  . (H„,  K„)X„. 

To  show  the  result  for  M,  we  assume  first  that  M is  a 
square  integrable  martingale  and  that  H and  K are  elementary. 
To  conform  with  previous  notation,  we  write  M = X.  Let 


^ " ‘^0^]Sq,s^] 


^ ^n^]t  ,t 

n’  n+1 


+ J 1 , 

in  Js  ,s  , 
m’  m+1 


] 

]• 


and 
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Then 


(H,  K)  = 


(H,  K)-X 


H*(K*X)  = 


n 

I (L  , K 
i=0 


n 

I (L  , K- 
i=0 


m n 

+ Z E (L. , J.)(1 


j-O  1-0  ^ ^ 


m n 

+ E E (L., 

j=0  i=0  ^ 

m n 

- E E (L. , 

j=0  1=0  ^ 


Jj)(X 


t ^3 

1+1  j+1 


) 


t.^3  . , 
J.KX  ' J"' 

•J 


t .^3  . 

X ^ J). 


^1+1  ^-• 


(L_^,  (K-X)q)  + Z (L  , (K-X)  ^ ^ - (K-X)  ") 
1=0 


'•  n t t 

+ E (L^,  K-X  - K-X 
1=0 


E (L  , K-X  ) 
1 = 0 


E (L  , K-X 
1=0 


1 = 0 


n tn 

+ E E (L 
1=0  j=0 


Jj)(X 


'IM*  J*1 


and 


t . n 

X ^)  = E (L  , J X ) 
1=0  ^ 


n m t 

+ E E (L  , J )(X  -J  ' 
1=0  j=0  ^ 
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Hence,  (H,  K)*X  - H*(K*X)  for  elementary  H and 

K. 

If  K is  bounded  and  H is  elementary,  let  (k'^)  be  a 

sequence  of  elementary  processes  converging  to  K in  L^(X) 

P 

Since  H is  also  bounded  and 

ECrUHg.  Kg)  - (Hg,  Kg)|^d<X  , X>g] 

^ E[r|Hg|2[K"  - Kg|^d<X,  X>g], 

we  have  that  (H,  k")  converges  to  (H,  K)  in  L^(X).  Thus,  by 
Theorem  2(a),  (H,  k‘^)*X  converges  to  (H,  K)*X  in  M^. 

k"*X  converges  to  K-X  in  M^,  also  by  Theorem  2(a),  and 
since  H is  elementary,  H*(K^»X)  converges  to  H*(K*X)  in  M^. 

For  if  H is  as  above,  then 

H.(k".X)  = (L  (k".X)  ) + ? (L.,  (k".X)^^^^  - (k".X)''^) 

i=0  ^ 

which,  since  each  L.  is  bounded,  converges  in  to 

n t t, 

(L_  , (K*X)  ) + I (L  , (K-X)  - (K-X)  ^)  = H-(K-X). 

i=0 

Then  since  (H,  K )-X  = H-(K  -X)  for  each  n,  we  have 

(H,  K)-X  = H-(K-X)  for  H elementary  and  K bounded. 

If  both  H and  K are  bounded,  we  let  (H*^)  be  a sequence  of 

elementary  processes  converging  to  H in  L^(X).  As  above,  since 

P 
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K is  bounded,  (H*^,  K)  converges  to  (H,  K)  in  L^(X);  hence, 

n o 

(H  , K)*X  converges  to  (H,  K)*X  in  M . 

By  Theorem  1.7,  we  have  for  = h”  - H that 
E[/”|L"|^d<K.X,  K-X>  ] = ECJ”|l"|^|K  |^d<X,  X>  ] 

3 3 ■’'s''s'  S 

and  hence  h”  converges  to  H in  Lp(K*X).  Thus,  h"-(K-X) 

converges  to  H»(K*X)  in  M^.  Since  then  (h",  K)-X  = h"*(K*X) 

for  each  n,  we  obtain  (H,  K)*X  = H*(K*X),  for  bounded  H and  K 

and  a square  integrable  martingale  X. 

If  X is  locally  square  integrable,  we  let  stopping  times 

T 

"^n  to  " such  that  X is  square  integrable.  Then 

T T T 

(H*(K.X))  " = H.(K.X)  = H-(K.X  ")  = (H,  K)-X 

Taking  the  limit  as  n-*’®,  we  obtain 

H*(K*X)  = (H,  K)-X. 

(d)  Suppose  X is  E-valued,  H is  E-valued,  and  K is  real-valued. 
Applying  Theorem  1.7  and  interchanging  the  inner  product  by 
scalar  product  when  necessary,  we  prove,  as  in  (c) , that 
HK‘X  = H*(K*X).  Using  this  lone  result,  we  shall  obtain  in 
Chapter  V a more  general  result  in  the  case  when  H is  an 
optional  process.  From  this  general  result,  we  shall  then 
obtain  equality  for  K‘(H*X). 

8 THEOREM.  Let  (H  ) be  a uniformly  bounded  sequence  of  predictable 
processes  which  converges  pointwise  to  zero.  Then  for  any 
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K ^ 

semimartingale  X,  (H  converges  in  probability  to  zero  for 

every  t. 

9 REMARKS.  Let  X be  a square  integrable  martingale,  real  or  E- 
valued.  Using  the  geometry  of  the  Hilbert  space  we  project  X onto 
the  closed  subspace  (M^)°  of  continuous  square  integrable  martingales 
which  are  zero  at  0.  The  orthogonal  complement  (M^)^  of  (M^)°  is 
called  the  space  of  purely  discontinuous  square  integrable 
martingales.  Then  X has  a unique  decomposition  X = X°  + x'^,  where 
X°  is  in  (M^)°  and  X^  is  in 

Now  if  H is  in  L^CX),  H*X  is  in  M^.  It  can  be  shown  that 


(9.1) 

(H-X) 

and 

(9.2) 

(H-X) 

This  concept  extends  to  local  martingales  as  well.  In  Chapters  III 
and  V,  we  shall  study  this  concept  using  the  optional  stochastic 
integral,  of  which  the  predictable  stochastic  integral  is  a special 
case.  We  shall  then  obtain  results  analogous  to  (9.1)  and  (9.2)  for 
optional  H,  thus  recovering  (9.1)  and  (9.2)  for  predictable  H. 

3.  The  Square  Bracket 

In  this  section,  we  define  and  give  basic  properties  of  the 
square  bracket  [X,  Y]  of  two  E-valued  semimartingales  X and  Y.  The 
classical  results  appear  in  D4llacherie  and  Meyer  [4]. 
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1  DEFINITION.  Let  X and  Y be  E-valued  semimartingales.  We  define 
the  square  bracket  of  X and  Y to  be  the  real,  adapted,  cadlag  process 
given  by 


K,  Y]^  . {X^,  Y^)  - (X_.Y)^  - (Y_.x)^. 

2 THEOREM.  Let  X and  Y be  semimartingales. 

(a)  The  mapping  {x,  y}  ^ [X,  Y]  is  bilinear. 

(b)  [X,  Y]  = [Y,  X]. 

(c)  [aX,  Y]  = a[X,  Y],  for  every  scalar  a. 

(d)  A[X,  Y]  = (AX,  AY);  [X,  Y]^  = (X^,  Y^). 

3 THEOREM.  For  all  semimartlngales  X and  Y,  [X,  Y]  is  a process  of 
finite  variation.  Moreover,  [X,  X]  is  an  Increasing  process. 

THEOREM.  If  one-of  X and  Y is  a process  of  finite  variation,  then 

[X,  Y]^  = E (AXg,  AY^).  Moreover,  if  one  of  X and  Y is  a predictable 
s ^ t 

process  of  finite  variation  and  the  other  is  a local  martingale,  then 
[X,  Y]  is  also  a local  martingale. 

5 THEOREM.  Let  X and  Y be  local  martingales.  Then  [X,  Y]  is  the 
unique  process  of  finite  variation  such  that  the  following  properties 
hold: 

(1)  (X,  Y)  - [X,  Y]  is  a local  martingale  which  is  zero  at  0. 

(2)  ACX,  Y]  = (AX,  AY). 

If  X and  Y are  both  square  integrable  martingales,  then 
(X,  Y)  - [X,  Y]  is  a uniformly  integrable  martingale. 
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6 COROLLARY.  If  X and  Y are  square  integrable  martingales, 
then  for  every  stopping  time  T,  [X,  Y]^  is  integrable  and 
E[[X,  Y]^]  = E[(X^,  Y^)]. 

Conversely,  suppose  X is  a local  martingale  and  [X,  X]  is 

00 

integrable.  We  aim  to  show  that  X is  in  fact  a square  integrable 
martingale.  We  first  reduce  to  the  case  when  X is  zero  at  0.  Since 
Xq  is  a process  of  finite  variation,  by  Theorem  4 we  have  that 
[X,  Xq]  = (Xq,  Xq)  and  [Xq,  Xq]  = (Xq,  Xq).  Then,  by  Theorem  2,  we 
have  [X  - Xq,  X - Xq]  = [X,  X]  - 2[X,  Xq]  + [Xq,  Xq]  = 

[X,  X]  - (Xq,  Xq) . Hence,  [X  - Xq,  X - Xq]^  is  also  Integrable, 
since  it  is  dominated  by  [X,  X]  . Since  Ix  1^  = (X  X ) = 

CO  I O'  0’  0 

[X,  X]q  < [X,  X]^,  Xq  is  square  integrable;  thus,  if  we  can  show 
X - Xq  is  a square  integrable  martingale,  then  X will  be  also. 

7 THEOREM.  If  X is  a local  martingale  and  [X,  X]_^  is  integrable, 
then  X is  a square  integrable  martingale. 

Proof:  By  the  above  remarks,  we  may  assume  Xq  = 0.  Let 

2 

Y = |x|  - [X,  X].  Then  Y and  X are  both  local  martingales  which  are 

zero  at  0;  hence,  there  exists  a sequence  of  stopping  times  (T  ) 

n 

which  increase  to  infinity  such  that  Y " and  X " are  uniformly 

integrable  martingales  for  each  n.  Then  for  every  stopping  time  T,  we 
have 


T 

X^'"  = E(X^  |F^). 


(7.1) 
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Since  E[Y^  ] = E[Y-]  - 0 and  E[[X,  X]  ] < “,  we  have 
n n 

^ n n n 

^ E[[X,  X]  ]. 

00 


By  Patou's  lemma,  we  have 


(7.3) 


n+®  ^ n 

^ E[[X,  XI] 

00 


Hence,  the  set  C = i 1 ^ (■p<a,)  ’ is  ^ stopping  time} 

2 

L . It  remains  to  show  that  X is  a true  martingale. 
The  set  C is  bounded  in  the  reflexive  space  L^(n, 

is  weakly  sequentially  compact  in  [7,  II. 3.28]  and 

• 1 0 
since  the  dual  of  L is  contained  in  the  dual  of  L . 

[7,  IV. 8. 11] 

^ uniformly  in  T. 

P(A)->-0  A ^ 

Let  s ^ t and  let  A in  F . Then  for  everv  n 

3 •' 

K.i  ■ K.t 

A n A n 


, by  (7.1) , 


is  bounded  in 

F,  P);  thus,  C 
also  in  , 

We  then  have 


(7.5) 
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Since  (T  ) increases  to  infinity,  lim  X = X almost  surely. 

n->“  ^ n 

By  (7.4)  and  the  Vital!  Convergence  Theorem,  we  have  that  X 

t^T 

1 1 
converges  to  X in  L . Likewise,  X _ converges  to  X in  L . 

^ S/.T  3 

n 

Taking  the  limit  in  (7.5)  as  n tends  to  infinity,  we  obtain 


(7.6) 


dP. 


That  is,  E(X^[f^)  - X^  a.s.  Hence,  X is  a square  integrable 
martingale . 


8 THEOREM.  Let  X and  Y be  semimartingales. 

T T 

(a)  [X  , Y]  = [X,  Y]  , for  every  stopping  time  T. 

(b)  [HX , Y]  = H[Y,  X],  for  every  real,  F^-measurable , random 
variable  H. 

(c)  [X  , Y]  = [X,  Y]  , for  every  stopping  time  T. 

9 THEOREM.  Let  X be  an  E-valued  semiraartingale  and  let  Y be  a real- 
valued semimartingale.  Then  for  every  f in  E,  [X,  fY]  = [(X,  f),  Y]. 

Proof:  We  first  assume  that  X and  Y are  local  martingales.  Then 
(X,  fY)  - [X,  fY]  is  a local  martingale  which  is  zero  at  0 and 
A[X,  fY]  = (AX,  A(fY)).  However,  (X,  fY)  = (X,  f)Y  and 
(AX,  A(fY))  = (AX,  f)AY  = A(X,  f)AY.  Hence,  (X,  f)Y  - [X,  fY]  is  a 
local  martingale  which  is  zero  at  0 and  A[X,  fY]  = A(X,  f)AY.  By  the 
uniqueness  in  Theorem  5,  which  applies  in  particular  to  real  local 
martingales,  [(X,  f),  Y]  = [X,  fY]. 
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If  one  of  X and  Y is  a process  of  finite  variation,  then 

[X,  fY],  = Z (AX  , A(fY)  ) = Z A(X,  f)  AY  = [(X,  f),  Y]  . 

3<t  ® ® s^t  ® ^ ^ 

If  X and  Y are  semimartingales , write  X = M + A and  Y = N + B, 
where  M and  N are  local  martingales  and  A and  B are  processes  of 
finite  variation.  Then 

[X,  fY]  = CM,  fN]  + CM,  fB]  + CA,  fN]  + CA,  fB] 

= C(M,  f),  N]  + C(M,  f),  B]  + C(A,  f),  N]  + C(A,  f ) , B] 

= C(X,  f),  Y]. 

10  THEOREM.  Suppose  X takes  values  in  a closed  subspace  E^  of  E.  If 
Y takes  values  in  the  orthogonal  complement  of  E^,  then  CX,  Y]  = 0. 

Proof:  Since  (X,  Y)  = 0,  we  have  that  CX,  Y]  = X_*Y  + Y *X.  Thus,  it 

suffices  to  show  that  if  H is  a locally  bounded,  predictable  process 

with  values  in  E^,  then  H-X  = 0.  This  argument  applies  as  well 

to  X_*Y,  since  E^  is  also  closed  and  E^  = 

If  X is  a square  integrable  martingale  and  H is  elementary,  then 

H‘X  = 0 by  Theorem  1.5(d).  If  H is  in  Li^(X),  H*X  is  the  limit  in  M^ 

of  (h'^*X),  where  (H*^)  is  any  sequence  of  elementary  processes 

2 

converging  to  H in  ^^(X);  hence,  H*X  = 0. 

If  X is  a semimartingale  and  H is  bounded,  we  may  decompose  X as 
X = Xq  + M + A,  where  M is  locally  square  integrable,  A is  of  finite 
variation,  M^  = 0 = A^,  and  M and  A still  take  values  in  E^.  By 
localizing  and  stopping,  we  have  H*M  = 0.  Moreover,  (H«A) 

t 

/'^HgdAs  = 0,  since  (H,  A)  = 0.  Hence,  H*X  = (H^,  X^)  + H-M  + H*A 
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= 0.  By  localizing  and  stopping,  we  obtain  the  result  for  locally 
bounded  H.  Letting  H = Y_,  we  obtain  [X,  Y]  = 0. 


In  this  section,  we  list  some  analytic  properties  of  the  square 
bracket  and  give  two  applications  of  the  square  bracket  to  the 
predictable  stochastic  integral.  We  start  with  the  famous  Kunita- 
Watanabe  inequality,  which  holds  also  for  the  sharp  bracket,  provided 
the  sharp  bracket  exists. 

1 THEOREM.  Let  X and  Y be  E-valued  semimartingales  and  let  H and  K 
be  real,  bounded,  measurable  processes.  Then  almost  surely. 


4.  Applications  of  the  Square  Bracket 


2 COROLLARY. 


(a)  [X+Y,  X+Y]^^  S [X,  X]J,^^  + [Y,  Y]J.^^ 


(b)  [X+Y,  X+Y]^  < 2[X,  X]^  + 2[Y,  Y]^. 


Proof: 


(a)  By  Theorem  1,  we  have  that,  outside  of  an  evanescent  set. 


|CX,  Y]J  = |fd[X,  Y]J  ^ f |d[X,  Y]J 


1 /?  1 /? 
= [X,  X]^^^[Y,  Y]J.^^ 
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Thus, 

[X+Y,  X+Y]^  = [X,  X]^  + 2CX,  Y]^  + [Y,  Y]^. 

2 [X,  X]^  + 2[X,  X]J^^[Y.  Y]J.^^  + [Y,  Y]j. 

= ([X,  + [Y,  Y]J,^^)^. 

By  taking  square  roots,  we  obtain  the  result. 

(b)  We  use  the  properties  obtained  in  Theorem  3.2.  We  have 
[X,  Y]  = [X,  X]  + [X,  Y-X]  and 

[Y,  X]  = [Y,  Y]  + [Y,  X-Y] 

= [Y,  Y]  + (-1)^[Y,  X-Y] 

= CY,  Y]  + [-Y,  Y-X]. 

Thus, 

[X+Y,  X+Y]  = [X,  X]  + [Y,  Y]  + [X,  Y]  + [Y,  X] 

= 2[X,  X]  + 2[Y,  Y]  + [X-Y,  Y-X] 

= 2[X,  X]  + 2[Y,  Y]  - [Y-X,  Y-X] 

^ 2[X,  X]  + 2[Y,  Y], 

since  [Y-X,  Y-X]  is,  by  Theorem  3.3*  an  increasing  process  and 
hence  is  nonnegative. 


3 THEOREM.  Let  X be  a square  integrable  martingale.  Then  <X,  X>  is 
the  predictable  dual  projection  of  [X,  X]. 
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Proof:  By  Theorem  3.6,  E[[X,  X]_^]  = E[|x^|^]  < «;  thus,  [X,  X]  is  an 

integrable  increasing  process  and  [X,  X]^  exists.  |x|^  - [X,  X]  and 
|x|  - <X,  X>  are  uniformly  Integrable  martingales  which  are  zero  at 

0;  thus,  [X,  X]  - <X,  X>  is  also  a uniformly  integrable  martingale 
which  is  zero  at  0.  Since  <X,  X>  is  predictable,  <X,  X>  = [X,  X]P. 

4 THEOREM.  Let  A be  an  E-valued  process  of  locally  integrable 
variation  and  let  be  its  predictable  compensator.  Then 

EECA^,  aP]_^]  < E[[A,  A]^]. 

Proo£:  M = A - A^  is  a local  martingale  which  is  zero  at  0.  Let 

(T  ) be  a sequence  of  stopping  times  which  increase  to  infinity  such 

T -p 

n , ^ r\ 

that  M is  a uniformly  integrable  martingale  and  A ” is  of  integrable 

T T T 

variation.  Then  m " = A " - (A^)  " is  a uniformly  integrable 

T T 

martingale  which  is  zero  at  0;  hence  (A  '^)P  = (A^)  By  monotone 

T T 

convergence,  E[[A  , A ] ] = E[[A,  A]  ] converges  to  E[[A,  A]  ] 

I 00 

P fj*  n 

and  E[[(A  )^,  (A  ] = E[[A^,  A^]  ] converges  to  E[[A^,  A^]  ], 

n 

as  n goes  to  infinity.  So  we  may  assume  A,  and  hence  A^,  is  of 
integrable  variation. 

Since  A^  - Ag  = M^  = 0,  we  have  that  (A-Aq)  - (aP-aJ)  = 

A - A^  = M;  thus,  (A-Aq)P  = A^  - A^.  We  may  now  make  two  more 

assumptions  on  A.  First,  we  may  assume  E[[A,  Aj  ] < »,  for  otherwise 

00 


the  theorem  is  true.  Then  E[|a  |^]  = E[[A,  A]„]  < E[[A,  A]  ] < 
Secondly,  since  [(A-Aq)P,  (A-Aq)^]  = I^A^-aP,  A^-A^]  = 

[aP,  aP]  - |aP|2  = [aP,  aP]  - |Aq|2  and  [A-A^.  A-A^]  = [A,  A]  - | A^ | ^ 

if  we  can  show  the  result  for  A - A^,  we  will  then  have  the  result  for 

2 

A by  adding  E[|Aq|  ].  So  we  may  assume  A^  = 0 = aP.  Henceforth,  we 
shall  write  B = aP. 

Since  A and  B are  of  integrable  variation  and  zero  at  0,  the 
random  vectors  A^,  B^,  and  hence  M^,  are  integrable  for  every  stopping 
time  T.  In  particular,  for  every  predictable  time  T 

E(A^|f^_)  = E(B^|F^_)  + E(M^|F^_) 

= B?  ^T- 

That  is,  the  predictable  projection  of  A exists  and  Pa  = B + M . 

Then  Pa  - A_  = B - B_  = AB. 

For  every  f in  E,  the  set  {(f,  AB)  ^ o}  = {A(f,  B)  ^ o}  is 
contained  in  a countable  union  of  graphs  of  predictable  times  [4, 
p.  xiii].  Letting  f range  through  a countable  norming  set,  we  have 
that  the  set  {aB  o}  is  also  contained  in  a countable  union  of  graphs 
of  predictable  times.  Since  this  set  is  predictable,  it  is  in  fact 
indistinguishable  from  a countable  union  of  disjoint  graphs  of 
predictable  times  (T^)  [3,  IV. 89].  We  then  have  that 


^3 


= E[r|AB^  1^] 
i ^ i 

= lim  E E[|aB  p]. 

n->'to  i = i 1 

” 2 " 

Since  e |aA  | = E A[A,  A]  < [A,  A]  , it  suffices  to  show 

i=1  ^i  i=1  ^i 

2 2 

E[|ab^  I ] < E[|aa^  I ] for  each  i.  Let  T = T..  Since  T is 
i 1 ^ 

predictable,  we  have  a.s. 

ABj  = \ - A^  = E(A^|F^  ) - A^ 

= eCaa^If^  ). 

[aB^I^  < E(|aA^|^|f^  ) a.s.  and  E[|aB^[^]  < E[|aA^|^]. 

1 P 

E[[B,  B]^]  < lim  E E[|aA  p] 

n+®  i=i  ^i 

" 2 
= lim  E[  E lAA  p] 

n^“  i=1  1 

^ E[[A,  A]  ]. 

00 

5 THEOREM.  If  X is  a special  semimartingale,  then  [X,  is 

U 

locally  integrable. 

1 /2 

Proof:  Since  [X,  X]^  is  not  necessarily  zero  at  0,  we  must  show 

that  the  process  [X,  - [X,  is  locally  integrable. 


Hence , 
Thus, 
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However , 


,1/2 


,1/2 


1/2 


[X,  X]^  - [X,  X]q  < ([X,  X]^.  - [X.  X]g) 

■ ■ 

So  it  suffices  to  prove  the  result  for  X - X^.  We  may  then  assume 
that  X,  and  hence  [X,  X],  is  zero  at  0. 

We  may  then  decompose  X as  X = M + A,  where  M is  a local 
martingale,  A is  a predictable  process  of  finite  variation,  and 
Mq  = 0 = Aq.  By  Theorem  2(a), 


[X,  X]J^^  < [M,  + [A,  klY^ 


Since  A is  of  finite  variation. 


[A,  a^Y^  = ( E |aa 
^ s^t 


^ E AA 
sSt  ' 

't 


But  /^|dAg|  is  a real,  predictable  process  of  finite  variation  and  so 
is  locally  Integrable  [4,  VI. 80].  Thus,  [A,  A]J^^  is  also  locally 
integrable . 

^ inf{t:  n ^ Since  M is  cadlag,  the  stopping 

times  T^  Increase  to  infinity.  Let  (R  ) be  a sequence  of  stopping 

" R 

times  which  increase  to  infinity  such  that  M " is  a uniformly 
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integrable  martingale.  Then  let  S = T ..R  . Then  M = M " is 

n n n S S 

n n 

integrable  for  each  n. 

Let  M = sup|M  I.  Then 
s^t  ® 


sup  |m  I < sup  |m  I V |m„  I 

s^S  ^ 3<S  n 

n n 


$ n + 


Thus,  Mg  is  integrable  and  M is  locally  integrable. 
n 

1 /2 

Since  [M,  M]^_  is  a left  continuous,  increasing  process,  it  is 
also  locally  Integrable.  Then 


[M,  - CM,  < (A[M, 

= |AMj 

S 2H*. 

Hence,  [M,  < [M,  + 2M*.  Thus,  [M,  . and  hence 

1 /2 

[X,  X]^  , is  locally  integrable. 

The  proof  of  the  following  theorem  is  the  same  as  in  the  real- 
valued case  [4,  VIII. 22  and  30]. 


6 THEOREM.  Let  X and  Y be  E-valued  semimartingales  and  let  H 

be  a real,  locally  bounded,  predictable  process.  Then 

[H*X,  Y]  = H*[X,  Y].  The  same  result  is  true  if  X and  Y are  square 

integrable  martingales  and  H is  in  L^(X). 

P 
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7 THEOREM.  If  X is  an  E-valued  semimartingale  and  H is  a real, 

locally  bounded,  predictable  process,  or  if  X is  a real  semimartingale 

and  H is  an  E-valued,  locally  bounded,  predictable  process,  then 
2 

[H*X,  H*X]  = |h|  *[X,  X].  When  X is  a square  integrable  martingale, 

then  result  holds  for  H in  L^(X) 

P 

Proof:  We  write  X = M + A,  where  M is  a locally  square  integrable 

local  martingale  which  is  zero  at  0 and  A is  a process  of  finite 
variation.  Then 


(7.1)  [H-X,  H-X]  = [H*M,  H-M]  + 2[H-M,  H-A]  + [H-A,  H-A]. 


Since  H*A  is  also  of  finite  variation,  we  have  by  Theorem  3.4 
(using  juxtaposition  for  product  and  inner  product) 

(7.2)  [H*M,  H*A]  = Z A(H*M)  A(H*A) 

^ 3 3 


= E H AM  H AA 
s^t  ® ^ ® ® 


= |H  pACM,  A] 
s^t  ® ^ 


f |H  J^d[M,  A]^ 


Likewise , 

(7.3)  [H-A,  H-A]^  = |^|Hg|^d[A,  A]^. 

To  prove  the  result  for  [H-M,  H-M],  we  may  assume,  by  localizing 
and  stopping,  that  M is  square  integrable.  We  then  let  H be  in 


^7 


2 

Lq(M).  Since 

A[H-M,  H-M]  = (A(H-M))^ 

= (HAM)^ 

= |h|^a[m,  M] 

= A(|H|^-[M,  M]), 

and  in  view  of  Theorem  3.5,  which  characterizes  the  square  bracket  for 
local  martingales,  it  suffices  to  show 

B = - |H|^.[M,  M] 

is  a local  martingale  which  is  zero  at  0. 

By  Theorem  1.7,  we  have  <H*M,  H*M>  = |h|^*<M,  M>,  and 
since  H*M  is  a square  integrable  martingale,  we  have 

(7*^)  - <H-M,  H-M>  = |h-m|^  - |h|^-<m,  M> 

is  a uniformly  integrable  martingale  which  is  zero  at  0. 

Since  H is  predictable,  the  predictable  dual  projection  of 

2 P 

|h|  ‘[M,  M]  is  |h|  «<M,  M>  and  hence 

(7.5)  |h|^-[M,  M]  - M> 

is  a uniformly  integrable  martingale  which  is  zero  at  0.  Subtracting 
(7.4)  from  (7.3)  gives  us  that  |h*m|^  - |h|^.[M,  M]  is  also  a 
uniformly  integrable  martingale,  which  is  zero  at  0.  Hence, 
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[H-M,  H-M]  = |h|^.[M,  M]. 

Since  |H|^.[M,  M]  + 2|h|^.[M,  A]  |h|^.[A,  A]  = |h|^.[X,  X], 
the  result  follows  by  comparing  (7.2),  (7.3),  and  (7.6)  with  (7.1). 

Let  X and  Y be  seraimartingales . Write  X=M+AandY=N+B, 
where  M and  N are  locally  square  integrable  local  martingales  which 
are  zero  at  0,  and  A and  B are  processes  of  finite  variation.  Then 

[X,  Y]  = [M,  N]  + [M,  B]  + [A,  N]  + [A,  B]. 

The  last  three  summands  are  uniquely  expressed  by  Theorem  3.4.  We  may 
define  [M,  N]  by  pasting  together,  for  if  (T^)  is  a sequence  of 

stopping  times  which  increase  to  infinity  and  which  reduces  both  M and 
N,  then 


T T 

[M,  N]  " = [M  ",  N "]. 

So  it  is  really  a matter  of  defining  the  square  bracket  for  square 
integrable  martingales.  An  alternate  approach  for  defining  the  square 
bracket  in  this  case,  one  which  does  not  use  the  stochastic  integral, 
is  as  follows:  If  X and  Y are  in  M^,  let 

s 

(8.1)  [X,  Y]  = <x°,  y">  + E (AX  , AY  ). 

s^t  ^ 3 

This  definition  is  actually  a consequence  of  Theorem  3.3.  Since 
[X,  Y]  is  a process  of  finite  variation,  it  may  be  decomposed  uniquely 


as 


(8.2) 


[X,  Y]^  = [X,  Y]° 


E A[X,  Y] 
3<t  ® 


= [X,  Y]°  + E (AX  , AY  ). 

^ s^t  ® ® 

We  know  <x°,  yS  exists,  since  x°  and  Y°  are  in  M^.  and  since 

E 

[X,  Y]°  is  continuous,  and  hence  predictable,  we  will  have 
[X,  Y]°  = <X°,  yS. 

Using  (8.1),  Ustanel  [15,  II. 5]  showed  that  if  H is  E-valued, 
locally  bounded,  and  predictable,  Y is  a real  local  martingale,  and  X 
is  an  E-valued  local  martingale,  then 

(8.3)  [Y,  H-X]  = [H-Y,  X]. 

The  result  extends  immediately  for  semimartingales  X and  Y,  for 
if  one  of  X and  Y is  of  finite  variation,  then 


[Y,  H*X],  = E AY  A(H-X) 

= E AY  (H  , AX  ) 
s^t  ^ ® ^ 

= E (H  AY  , AX  ) 
s^t  " " ^ 

= E (A(H*Y)  , AX  ) 
s^t  ® ^ 


= [H-Y,  X]^. 


Then  decomposing  semiraartingales  X and  Y in  the  usual  manner, 
X = M + A and  Y = N + B,  we  obtain 
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[Y,  H*X]  = [N,  H*M]  + [B,  H*M]  + [N,  H-A]  + [B,  H*A] 

= [H*N,  M]  + [H*B,  M]  + [H*N,  A]  + [H-B,  A] 

= [H*Y,  X]. 

We  state  this  result  as  the  following: 

8 THEOREM.  If  H is  a locally  bounded,  predictable,  E-valued  process, 
Y is  a real  semimart i ngale , and  X is  an  E-valued  semimartingale,  then 

[Y,  H-X]  = [H-Y,  X]. 

We  conclude  this  section  with  one  final  theorem  on  the  square 
bracket . 

9 THEOREM.  Let  X be  an  E-valued  square  integrable  martingale.  Then 
for  every  f in  E and  for  every  real  measurable  process  H we  have 

(a)  C(f,  X),  (f,  X)]  ^ |f|^[X,  X]  and 

(b)  f|Hjd[(f,  X),  (f,  X)]g  < |f|^J”|Hjd[X,  X]g. 

Proof: 

(a)  We  note  that  (f,  X)  is  a real  square  integrable  martingale. 

Then  for  every  stopping  time  T, 

E[[(f,  X),  (f,  X)]^]  = E[|(f,  X^)|^] 

^ |f|^E[|X^|^] 

= |f|^E[[X,  X]^]. 
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Hence,  by  the  cross-section  theorem, 

[(f,  X),  (f,  X)]  < |f|^[X,  X]. 

(b)  By  truncation  and  monotone  convergence,  it  suffices  to  prove 

the  result  for  bounded,  measurable  H.  We  shall  use  a variant 

of  the  monotone  class  theorem  [3,  1.22  (22.3)]. 

Let  A be  the  set  of  processes  which  satisfy  the  theorem. 

Then  A is  closed  under  bounded  monotone  convergence.  That  is, 

if  (H  ) is  a uniformly  bounded  increasing  sequence  of  positive 

processes  in  A,  then  H = lim  is  in  A,  by  the  monotone 

n 

convergence  theorem. 

Let  C be  the  inf imum-closed  vector  space  of  processes  of 
the  form 


" = "-.’[o:  * * V:t  ,t  ,] 

01  n ’ n+1 

where  are  bounded  and  measurable  (not  necessarily  adapted) 

and  0 < t ^ t.  ^ ...  < t , ^ 

0 1 n+1 

We  note  that  C also  contains  1.  It  suffices  to  show  C is 
contained  in  A. 

If  H has  the  form  in  (9.1),  then 


|H|  - |K_ih[;o]  ,t  ] ^ •••  l\M]t  ,t 

01  n n+1 


We  then  have 
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/"|H  |d[(f,  X),  (f,  X)] 

3 S 


= |K_J[(f,  X),  (f.  X)]q 


n t 

z |k  |[(f,  X),  (f,  x)]/^^ 
i = 1 


and 

klTlHgldCX,  X]g 

= |f|^|X_T  |[X,  X]  + E |f|^|K  |[X,  Xl^^\ 

i=1  ^ 

We  have  by  (a)  that 

|K_J[(f,  X),  (f,  X)]q  < |f|^|K_J[X.  X]q: 
hence,  it  suffices  to  show  for  each  i=1,...,n  that 

t . t 

[(f,  X),  (f,  X)]/^’’  ^ |f|^[X,  X].^'"\ 

To  simplify  the  notation,  we  let  Y = (f,  X)  and  we  let 
s = t^  and  t = , so  that  s < t.  Then, 

[Y,  Y]g  = CY,  Y]^  - [Y,  Y]g 

= CY^-Y®,  Y^-Y®] 

CO 

= [(f,  x’^-x®),  (f,  X^^-X®)]  . 

CO 


We  then  apply  part  (a)  to  the  square  integrable  martingale 
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t 3 

X - X to  obtain 

CY,  Y]^  < |f|^[X^-X®,  X^-X®] 

O 00 

= kl^cx,  x]^ 

and  the  theorem  is  proved. 

5.  hP  and  BMpP  Spaces 

In  this  last  section,  we  define  quadratic  spaces  and 

p 

BMO  spaces  of  E-valued  martingales.  Moreover,  we  shall  show  that  the 
dual  of  H is  BMO  . Once  again,  these  results  are  classical  and  the 
definitions  and  proofs  are  nearly  identical  to  the  real-valued  case. 

It  is  also  possible  to  show  the  equivalence  of  all  the  BMO^  spaces, 
for  p ^ 1,  using  the  classical  proofs.  Rather  than  further  weigh  down 
this  chapter,  we  will  leave  this  last  result,  and  its  consequence  that 
is  complete,  for  the  Appendix. 

1 DEFINITION.  We  denote  by  the  space  of  E-valued  local 
martingales  X such  that 

I^l  n " n ^ P - 

rP  lP 

We  note  a few  immediate  results. 

(a)  By  Theorem  3.2  (b)  and  (c)  we  have,  for  every  scalar  a, 

[aX,  aX]  ” a^Cx,  X],  Hence,  laxl  - lallxl  . 

■ 'hP  V 


(b)  By  Theorem  k.2  (a),  we  have  [X+Y,  X+Y] 


1/2 


1/2  1/2 

[X,  X]^  + [Y,  Y]_^  . Thus,  by  Minkowski's  inequality, 

|x  ‘ h . s |x|  * iq  . 

hP  hP  hP 

If  1^1  n " = 0 Thus,  [X,  X]  is 

integrable,  being  almost  surely  null,  and  X is  a square 
integrable  martingale  by  Theorem  3.7.  Moreover,  e[|x  I = 

I 00  I 

E[[X,  X]^]  = 0.  Hence,  X^  = 0 a.s.  and  X is  indistinguishable 

from  0,  being  right  closed  by  X . 

00 

Properties  (a),  (b) , and  (c)  mean  that,  by  identifying 
indistinguishable  processes,  is  a normed  linear  space  under 


(d)  It  is  immediate,  since  the  property  holds  for  spaces,  that 

Pp  P, 

if  1 ^ P^  ^ P^.  then  H c H and  Jxl  ^ |x | 

H ^ H ^ 


(e)  We  consider  the  case  of  p = 2.  If  X is  a local  martingale  and 

|x|  2 then  [X,  X]^  is  Integrable.  Hence,  X is  a square 

H 

Integrable  martingale  by  Theorem  3.7.  Then  by  Theorem  3.6, 


- E[(x^,  xj]  - e:cx,  x:j  - |x|\. 

M 

We  then  see  that  the  spaces  M^,  L^,  and  H^  are  all 

E 

isometrlcally  Isomorphic. 

(f)  The  H^  space  we  have  defined  is  classically  called  "quadratic" 
■ P D 

H space  and  is  often  denoted  by  h^,  in  order  to  distinguish 
it  from  the  "maximal"  H^  space  whose  norm  is  given  by 
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2 THEOREM.  Let  X be  an  E-valued  local  martingale  having  paths  of 

finite  variation.  Then  IX|  < E[/“|dX J]. 

H ® 


Proof:  We  have 


3 


^ T AX 


dX 


The  theorem  follows  by  taking  expectations, 


3 THEOREM.  Bounded  martingales  are  dense  in  H^. 

Proof:  Let  X be  in  H^ . Then  the  process  stopped  at  0, 

= Xq,  is  also  in  H^  since 

|X°B  ^ = E[[x°,  X°]y^] 

H 

= E[[X,  Xl^^] 

^ E[[X,  X]^^^] 

00 

= |xl  T 

H 

Thus,  X - Xq  is  also  in  H^  by  1 (b).  It  then  suffices  to  find  bounded 
martingales  (x*^)  which  converge  to  x - X^  in  H^  and  bounded 
martingales  (y")  which  converge  to  x°  in  h\  In  the  latter  case, 
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(3.1) 


lX°||  = E[[X,  X]^2] 

H ^ 


■ W|xJ] 


Hence,  X^  is  in  l\Fq)  and  there  exist  bounded  FQ-measurable  random 

variables  (f  ) which  converge  to  X.  in  Let  y"  = f the 

" u t n’ 

process  constant  through  time.  For  each  n,  is  a bounded  martingale 

and  y"  = (Y^^)®  = Hence,  [x°  - y"|  ^ = [x^  - f^[  ^ and 

H L 

(Y  ) converges  to  X in  H . Since  X - X^  is  in  H^ , we  may  assume  now 
that  X is  zero  at  0. 

Let  = inf ft:  X^_  ^ n|.  Then  are  predictable  stopping 

times  which  increase  to  infinity  as  n tends  to  infinity.  Since  T are 

T - n 

predictable,  Y*^  = X ” is  a local  martingale.  Moreover,  Y^  is  bounded 
by  n for  each  n. 


Since  Increase  to  infinity,  ([x,  X]^  - [X,  X]^  converges 

pointwise  to  zero.  Moreover,  ([x,  X]  - [x,  X]  ) ^ [x  XJ^'^ 

® T ■“  ^ CO  * 

1 /2  1 ^ 

But  [X,  X]^  is  integrable,  since  H is  in  H ; hence,  by  dominated 

convergence 


lim  EC([X,  X]^  - [X,  X]  = 0. 

n>® 


Then  (y")  converges  to  X in  h\  since,  by  Theorem  3.8  (c). 
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tx-Y",  x-Y":y^ . CX,  X]_  - 2[X,  x’^"':  ♦ cx’'"’,  x’'"'] 

00  CO 

= ([X,  X]^  - 2[x,  X]^  _ + [X,  X] 

n n 

= ([X,  x]^  - [X,  x]^ 

n 

4 DEFINITION.  Let  Y be  an  E-valued  uniformly  integrable  martingale 
and  let  Y^_  = 0.  We  say  Y belongs  to  BMO^  if  there  exists  a 
nonnegative  constant  c such  that  e(|y^  - Y^_|P|f^)  S c^  a.s.  for  every 

stopping  time  T.  The  infimum  over  all  constants  c with  this  property 
is  denoted  by  IyI 

BMO^ 

We  again  note  some  immediate  results. 

Pp  P. 

(a)  For  1 < p^  ^,p^,  BMO  c BMO  . 

(b)  If  Y is  in  BMO^,  then  for  every  stopping  time  T, 

E<|X.  - ^ 'Id  a.3. 

BMO^ 

(c)  Let  Y be  in  BMO^  and  let  c = |y|  Taking  T = 0 we  have 

BMO 

^ Hence,  E[|y  |^]  < c^.  That  is  Y is  in 

2 2 9 

L and  BMO  c M„. 

— E 

5 THEOREM.  Let  Y be  an  E~valued  uniformly  integrable 
martingale.  Suppose  there  exists  c > 0 such  that  for  every  t, 
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2 2 

^^1^00  " ° ^ is  in  BMO^  and 

lY|  ^ /2  c. 

BMO 

Proof:  We  note  that,  by  taking  t = 0,  Y is  in  M^.  Let  T be  an 
elementary  stopping  time  taking  only  a finite  number  of  values 
(t  ,...,t  }.  Then  for  every  set  A in  F . 

in  ■p  ’ 


Hence, 

(5.1) 


||Y  - 

J • ao 


-I  E |Y.  - Y 1^1  dP 

A i=1  '^i 


"dP 


■ l!, 


dP 


= Jc^dP. 
A 


S a.s. 


If  T is  an  arbitrary  stopping  time,  we  may  choose  a sequence  of 
elementary  stopping  times  (T^)  which  decrease  to  T [3,  IV. 58].  Since 
Y is  square  integrable,  we  have  that  |Y  - Y converges  polntwise 

CO  I 

1 1 2 ^ 
and  in  L to  |Y^  - Y^|  , as  n tends  to  Infinity.  Thus,  almost  surely 

E(h.  - ®<|Y.  - Y |^|F  ) 

n n 

= lim  E(E(|Y„  - Y^  l^lF  )|f  ) 
n n n 


(5.2) 


59 


^ lim  E(c^|f  ) 
n 

2 

= c . 

Moreover,  by  our  hypothesis  on  Y,  we  have 
^^•3)  ^ c a*3. 

We  next  note  that 

(5.1)  E(Y„  - Y^|F^)  . E(YjF^)  - Y^  - 0 a.3. 

Combining  (5.2),  (5.3),  and  (5.4),  we  have  a.s., 

(5.5)  E(|Y.  - Y^.I^If.^)  . E(|Y.  - Y^  . 4Y^|^|F.j) 

- E((Y,-Y^*4Y^,  Y,-Y^.4Y.j,)|F^> 

■ E(|Y.  - Y^l^lF^)  . E(|4Y.j|^|Fj) 

^ 2c^ 

= (/2  c)^. 

Hence,  Y is  in  BMO^  and  |y|  ^ /2  c. 

BMO^ 

The  following  result  is  completely  analogous  to  the  real-valued 
case  with  an  identical  proof  [4,  VII. 86]. 

6 THEOREM.  Let  X and  Y be  E-valued  semimartingales  and  let  H and  K 
be  two  real  optional  processes.  Suppose  there  exists 


a nonnegative 
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constant  c such  that  for  every  stopping  time  T, 

E(  / K^dCY,  Y] JF„)  < a.s. 

CT,-]  ® 3 T 

Then,  E[/“ | | | | | d[X,  Y]^|]  < c/2  E[(/H^d[X,  X]^)^^^]. 

The  following  result  is  classically  known  as  Fefferman's 
inequality. 

7 COROLLARY.  Let  X be  an  E-valued  local  martingale  and  let  Y be  in 
BMO^.  Then 

ECridCX.  Y]J]  ^ /2  |Y|  jxl 

BMO  H 

Proof:  From  (5.5),  we  have  for  every  stopping  time  T that  almost 

surely 

<7-n  E(|Y.  - Y^J2|F^)  . E(|Y_  - . E(|4Y^|2|f^) 

■ «(Y„-Y^,  Y,-Y^)|F^)  . E(|4Y^|^|Fj) 

* E(|aY^|^|F^). 

We  next  note  that  Y ia  In  since  It  la  in  BMO^j  hence,  by  Theorem 
3.5,  the  process  (Y^,  Y^)  - [Y,  Y]^  is  a uniformly  integrable 
martingale  which  is  zero  at  0.  Hence,  for  every  stopping  time  T 

(7.2)  E((Y^,  Y^)  - CY,  Y]^|F,j.)  = (Y,^,,  Y^)  - [Y,  Y],^.  a.s. 
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Hence, 

(7.3)  E((I_^,  1J  - (Y^,  Y^)|F^)  . e([Y,  Y]^  - [Y,  Y3^|f^)  a.s. 

Finally,  we  have  almost  surely  that 

= E([Y,  Y]^  - [Y,  Y]^  + A[Y,  Y]^|F^) 

= Y^)|F^) 

+ E(|AY.j,|^|F^) 

= e(|y„  - y^_|2|f^) 

^ (|Yl  2^^ 

; BMO 

The  result  follows  by  taking  H = 1 and  K = 1 in  Theorem  6. 

8 THEOREM.  The  dual  of  H is  BMO^.  More  precisely,  if  H^  and 
2 

BMO  are  put  in  duality  by  the  continuous  bilinear  form 

(X,  Y)  ^ E[[X,  Y]^],  then  every  continuous  linear  form  J on  H^ 

arises  from  a unique  element  Y in  BMO^  and  |y|  ^ Sf^I* 

BMO^ 

By  the  results  of  this  section  and  the  properties  of  the  square 
bracket,  the  proof  of  the  analogous  result  for  real-valued  processes 
C^,  VII. 88]  extends  immediately  to  Theorem  8,  by  appropriately 
replacing  products  by  inner  products. 


CHAPTER  III 
THE  OPTIONAL  INTEGRAL 
WITH  RESPECT  TO  A HILBERT  PROCESS 

In  this  chapter,  we  define  and  characterize  the  stochastic 
integral  of  a real,  optional  process  H with  respect  to  a Hilbert- 
valued special  seraimartingale  X.  This  integral  will  agree  with  the 
predictable  stochastic  integral  when  H is  predictable.  The  essential 
problem  is  to  define  the  integral  with  respect  to  a square  integrable 
martingale  and  then  to  naturally  extend  the  concept  to  certain  classes 
of  local  martingales  and  processes  of  finite  variation  and  then  to  all 
special  semiraartingales.  The  approach  in  this  chapter  will  parallel 
that  of  Dellacherie  and  Meyer  [i|]  for  real-valued  X.  In  Chapter  V,  we 
shall  see  an  alternate,  perhaps  more  natural  and  intuitive, 
approach.  Unless  otherwise  specified,  throughout  this  chapter  H will 
be  real-valued  and  optional  and  X will  be  E-valued. 

1 • The  Optional  Integral  With  Respect  to  a 
Square  Integrable  Martingale  ’ 

We  begin  by  letting  X be  a square  Integrable  martingale.  We 
shall  define  an  extension  of  the  predictable  stochastic  Integral  to 
optional  processes  and  then  study  its  properties. 

1 DEFINITION.  Let  Lq(X)  be  the  space  of  real,  optional  processes  H 
such  that 
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|hL  = (E[/"h^c1[X,  X]  1)^^^  < =0. 

Since  <X,  X>  = [X,  X]^,  if  H is  predictable  we  then  have 

H^d[X,  X]^]  = E[ I H^d<X,  Thus,  L^(X)  is  the  subspace  of 

2 ^ 

Lq(X)  consisting  of  predictable  H. 

2 

2 THEOREM.  Let  H be  in  Lq(X).  There  exists  a unique  E-valued  square 

integrable  martingale  H^X,  called  the  optional  (or  compensated) 

stochastic  integral  of  H with  respect  to  X,  such  that  for  every  Y in 

00 

U^(!l,  F,  P,  E) 


where  Y is  a cadlag  version  of  the  square  integrable  martingale 
E(Y  |f  ). 

00  I t 

Proof:  We  define  a mapping  from  the  Hilbert  space  L^(q,  F,  P,  E) , 

which  may  be  identified  with  its  dual,  into  the  real  line  as  follows: 
2 

for  every  Y in  L , let 

Oft  ' 


(2.1) 


= E[/"h  d[X,  Y]  1, 


By  the  Kunita-Watanabe  inequality  (II.H.1)  followed  by  Holder's 
inequality,  we  have 

(2.2)  E[/"|Hg|  |d[X,  Y]g|]  ^ E[(/Vd[X,  X]  ) ^ ^^(/”d[Y,  Y]  )^^^] 


< (E[jVd[X,  X]  ])^^^(E[[Y,  Y]  ])^^^ 

' 3 Q Oft 


1/2, 


= 2 


6i| 


■ 2 
Li 

Thus,  I |H^|[d[X,  Y]^|  is  integrable  and  hence  finite  almost 
surely.  Outside  of  an  evanescent  set,  we  then  have  that  process 
/ ^gh[X,  Y]g  is  defined  and  is  integrable  for  every  t $ In 
particular,  J(Y^)  is  well-defined.  By  the  linearity  of  the  square 
bracket  and  the  two  integrals,  it  follows  that  J is  linear.  Moreover 
J is  continuous,  since  |h|  < =»  and 

|J(YJ|  S < IHI^IYJ 

L 

Hence,  there  exists  a unique  in  L^(q,  f,  P,  E)  such  that  for 
every  Y^  in  L^(P,  F,  P,  E) 

(2.3)  E[(W^,  Y^)]  = J(Y_^)  = E[/”h  d[X,  Y]  ]. 

We  then  let  H^X  be  a cadlag  version  of  the  square  integrable 
martingale  E(W^|f^).  Up  to  indistinguishability,  H-X  is  unique,  for 
if  Z were  another  such  square  integrable  martingale,  then  Z is  in 

CO 

L . Hence,  if  E[(Z^,  Y^)]  = E[J  H^d[X,  Y]^]  for  every  Y^  in  L^,  then 
by  (2.3),  Z^  = W^  a.s.,  and  then  Z and  H*X  are  indistinguishable. 

We  recall  that  the  space  of  E-valued  square  integrable 
2 

martingales  M^,  is  isometrically  isomorphic  to  L^(P,  F,  P,  E) ; 
hence,  the  theorem  may  be  worded  to  say  E[((H.X)  y )]  = 

E[/  Hgd[X,  Y]g]  for  every  Y in  M^,  where  Y^  is  the  limit  at  infinity 


of  Y. 
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3 COROLLARY.  Let  H be  in  Lq(X).  For  every  f in  E, 

(f,  H-X)  = H-(f,  X). 
c c 

£roof : We  note  that  Theorem  2 also  characterizes  H*X  if  X is  real  bv 

taking  E to  be  the  real  line.  By  Theorem  II. H. 9, 

X),  (f.  X)]^  S |f|TH3l[X.  X]^; 

hence,  H is  in  L^CCf,  X))  and  X)  exists.  Then  using  Theorem 

p 

II. 3. 9,  we  have  for  every  Y in  M , 

E[/"h  d[(f,  X),  Y]  1 = E[/"h  d[X,  fY] 

O 3 ' 3 3 

= E[((H*X)  , (fY)  )] 

c ®0  00 

= E[((H-X)  , f)Y  ]. 
c ® 00 

Hence,  H;(f,  X)  = (H-X,  f)  = (f,  H-X). 

C C G 

4 THEOREM.  Let  H be  in  L^(X)  and  let  W = H-X. 

0 c 

(a)  If  H is  predictable,  then  W = H-X. 

(b)  E[[W,  W]  ] ^ ECTn^dCX,  X]  ]. 

® S 3 

2 

(c)  For  every  Y in  M^,  the  process  A = [W,  Y]  - H-[X,  Y]  is  a 

uniformly  integrable  martingale,  which  is  zero  at  0,  and  it  is 

moreover  a process  of  integrable  variation.  If  H is 

predictable,  then  A is  identically  zero. 

Wq  = HqXq  a.s.;  AW  = HAW  - ^(HAX)  on  ]0,  »[. 

T T 

(e)  W = H-X  = HI^q  ^^-X  for  every  stopping  time  T. 
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Proof; 

(a)  Let  be  in  L^.  We  saw  in  Theorem  that 

<X,  X>  = [X,  X]^.  Since  X and  Y are  both  square  integrable,  by 
polarization  <X,  Y>  exists  and  <X,  Y>  = [X,  Y]^.  Then  if  H is 
predictable,  it  follows  by  Theorem  II. 1.4,  that 

Y^)]  = E[/”H^d[X,  Y]g] 

= E[/”h  d<X,  Y>  ] 

= E[((H-X)  , Y )]. 

CO  00 

Hence,  W = H*X  by  uniqueness. 

(b)  Using  Corollary  II. 3. 6,  we  have 

E[[W,  W]  ] = E[(W  , W )] 

00  00  00 

= ecPh  d[x,  w]  ] 

•'  3 3 

^ ECflHjIdCX,  W]J]. 

Then,  using  inequality  (2.2),  we  have 

0 ^ E[[W,  W]^]  ^ |H|j^(E[[W,  W]^])^^^. 

If  E[[W,  W]^]  = 0,  then  (b)  trivially  holds.  Otherwise,  by 
• dividing,  we  obtain 

(E[[W,  ^ |H|^. 


Then  squaring  both  sides  yields  (b). 
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(c)  We  may  write  A as  f^dA  = |*"d[W,  Y]  + d[X,  Y]  . 

Applying  Theorem  II. 4.1  and  Holder's  inequality  we  obtain,  as 
in  (2.2),  that 

ECfldA^I]  S E[f”|d[W,  Y]^|]  ♦ E[f|H^||d[X,  Y]^|] 

5 l“J  2^1  2 * l"lxKI  2 ^ "• 

L L L 

Thus,  A is  of  integrable  variation.  Moreover,  the  above 

Inequality  shows  that  [W,  Y]  and  H*[X,  Y]  separately  are  of, 

integrable  variation.  Then,  since  A is  integrable,  it  will 

00 

suffice  to  show  that  for  every  stopping  time  T,  E[A^]  = c, 
for  some  constant  c independent  of  T. 

For  every  T,  we  have,  by  Theorem  11.3.8  and  by  a property 
of  the  Stieltjes  integral,  that 

[W,  y"^]^  = [W,  Y]^  = [W,  Y]^ 

and 

Th  d[X,  Y]  = Th  d[X,  Y]'^  = Th  d[X,  y’^]  . 

T 2 

Since  Y is  still  in  M , we  have,  by  Corollary  11.3.6, 

E[[W,  Y]„]  = E[[W,  y"^]  ] 

1 “ 

= E[(W^,  Y^)] 

= ECTh  d[X,  y’^]  ] 

S 3 

= EcFh  d[X,  Y]^]. 
s s 
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Hence,  for  every  stopping  time  T 


E[A^]  = E[[W,  Y]^]  - ECj’’^HgdCX,  Yl^]  = 0. 


Thus,  A is  a uniformly  integrable  martingale.  Also 


A^  = [W,  Y]^  - H„[X,  Y]„ 
0 0 0 0 


= - H^(X„,  Y^) 

0 0 0 0 0 


= (W^,  Y^)  - (H„X^,  Y„) 
0 0 0 0 0 


Then  to  show  A^  = 0,  it  suffices  to  show  = H^X^,  which  is 
assertion  (d).  If  H is  predictable,  then  A = 0,  by  (a)  and 
Theorem  II. 6. 


(d)  The  result  is  known  for  real-valued  X [4,  VIII. 331 • If  f is  in 
E,  then  almost  surely. 


(f,  w^) 


(f,  H-X)„  . X))„ 

C 0 C 0 


H„(f, 


X), 


H„(f, 


Xo’  ■ 


(f. 


Vo> 


Letting  f range  through  a countable  norming  set  of  the 
separable  Hilbert  space  E,  we  have  = HqXq  a.s. 

The  second  assertion  in  (d)  may  also  be  proven  weakly. 
Beforehand  though,  we  verify  that  ^(HAX)  exists.  By  Brooks  and 
Dinculeanu  [2],  it  suffices  to  show  ^|hax|  < ®,  outside  an 
evanescent  set.  For  every  predictable  time  T, 
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= e[|h^||ax^|] 

= E[(  f H^dCX,  X,] 

ri,T  S 3 

[T] 

^ (EC  I HfdCX, 

CT]  ® ^ 

^ iHix- 

Hence,  by  the  cross-section  theorem  [3,  IV. 85]  we  have,  outside 
of  an  evanescent  set,  that  ^|HAX|  ^ |h|  < ® and  ^(HAX)  exists. 

A 

Then  for  every  f in  E,  outside  of  an  evanescent  set,  we  have  on 

]0,  ®[ 

(f,  AW)  = A(f,  W) 

= A(H*(f,  X)) 
c 

= HA(f,  X)  - P(HA(f,  X)) 

= (f,  HAX)  - P(f,  HAX) 

= (f,  HAX)  - (f,  P(HAX)) 

= (f,  HAX  - '^(HAX)). 

Letting  f range  through  a countable  norming  set,  we  have  that 
AW  and  HAX  - ^(HAX)  are  indistinguishable  on  ]0,  »[. 
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(e)  For  every  stopping  time  T, 

r®  2 T T r®  2 T 

E[J  H d[X  , X ] ] = ECj  H d[X,  X]  ] 

•'  S 3 •'3  3 

< ECTH^dCX,  X]  ] 

■'  3 3 

and 

T 

so  that  H*X  and  Hlp^  exist. 

G [0,T]c 

If  W = H^X,  then  and  for  every  Y in 

E[(W^,  YJ]  = E[(E(WjF^),  Y^)] 

= ECE((W^,  YJ|F^)] 

= e(yJf^))] 

= E[(W  , Y )] 

00  T 

= E[|"h  d[X,  y'^]  ] 

3 S 

= E[J"h  d[X^,  Y]^] 

o 3 

= E[((H-x'^)  , Y^)]. 

Q 00  CO 


Hence,  w'^  = H*X^. 

We  also 

have  that 

E[(W^, 

Y )]  = E[ 
00 

= E[ 

:rH^d[x,  x]J: 
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= E[((H1r^  tt  A > Y )], 
[0,T]  c ® ” 


Hence.  W = • X. 


5 THEOREM. 

(a)  If  H is  in  Lq(X)  and  Lq(Z),  then  H is  in  Lq(X+Z)  and 

H*(X+Z)  = H*X  + H-Z. 
c c c 

(b)  If  H and  K are  in  Lq(X),  then  H+K  is  in  Lq(X)  and 

(H+K)-X  = H*X  + K-X. 
c c c 

Proof; 

(a)  Using  the  bilinearity  of  the  square  bracket,  we  obtain 

E[f"H^d[X+Z,  X+Z]  ] = E[f”H^dCX,  X]  ] 

■'  S S •'  S s 

+ 2E[/"H^d[X,  Z]  ] + ECTH^dCZ,  Z]  ] 

3 S S3 

^ iHlx  ^ 2E[jV|d[X,  Z]J]  + lH|^. 

Then  by  Theorem  II. 4.1  followed  by  Holder's  inequality, 
ECriHgllHglldCX.  Z]J]  ^ |H[j^|H[^. 


I"lx+z  - ^l^lx  " 2|H|j^lH|2  + 

= l»lx  " l^lz- 


Hence , 
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Let  W = H*X,  U = H»Z,  and  V = H*(X+Z).  Then  for  every  Y in 
G c c 

E[(V  , Y )]  = E[Th  d[X+Z,  Y]  ] 

00  00  ■'3  S 

= E[J"h  d[X,  Y]  ] + EETh  d[Z,  Y]  1 

•'3  3 ■’3  3 

= E[(W  , Y )]  + E[(U  , Y )] 

OO  CO  CO  00 

= E[(W  +U  , Y )]. 

00  00  00 

Hence,  V = W + U. 

(b)  By  Theorem  II. 3-3  and  Corollary  II. 3. 6,  [X,  X]  l3  an  integrable 
Increaaing  process.  Hence,  there  exista  a unique  P-meaeure 
m such  that  for  every  bounded,  measurable  process  Y, 
fYdm  = E[f"Y  d[X,  X]  ] [^,  VI. 65].  By  truncation  and  monotone 
convergence,  we  have  that  for  every  meaaurable  proceaa  Y, 

(5.1)  jY^dm  = E[jVd[X,  X]  ]. 

s s 

2 2 + + 

Hence,  E^CX)  ia  a aubspace  of  L (R  xp,  B(R  )xF,  m,  R)  and,  by 

Minkowaki'a  inequality, 

|H  + Kl^  ^ |H|^  + lK\^. 

Thus,  H + K is  in  L^CX). 

We  now  let  W = H*X,  U = K*X,  and  V = (H+K)*X.  Then  for 
c c c 

2 

every  Y in  M , 
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= E[j”(H  +K^)d[x,  Y]  ] 

00  00  S S S 

= E[|”Hgd[X,  Y]g]  + ECj^KgdCX,  Yl^] 

= E[(W  +U  , Y )]. 

00  00  00 

Hence,  V = W + U. 

We  now  state  two  immediate  convergence  theorems  for  the  optional 
stochastic  integral. 

6 THEOREM. 

K P 

(a)  Let  (H  ) be  a sequence  of  processes  in  Lq(X)  which  are 

2 

uniformly  bounded  in  absolute  value  by  a process  L in  L^CX). 

K 2 

If  H converges  pointwise  to  H,  then  H is  in  L>q(X)  and 

K 2 

H *X  converges  in  to  H*X. 

c E c 

(b)  Let  H be  a bounded,  optional  process.  If  (x"^)  is  a sequence  of 

2 n 

square  integrable  martingales  converging  to  X in  M^,  then  H*X * 

E C 

2 

converges  to  H*X  in  M„. 

c E 

Proof: 

(a)  We  return  to  the  notations  of  the  proof  of  Theorem  5 (b). 

Since  H is  the  limit  of  optional  processes,  H is  optional.  By 

2 

the  dominated  convergence  theorem  in  L with  respect  to  the 

2 K 2 

measure  m,  H is  in  L (m)  and  H converges  to  H in  L (m).  By 

K 2 

(5.1),  H converges  to  H in  E^CX). 

K K K 

We  now  let  W = H ^X  - H^X  = (H  -H)*X.  By  Theorem  (b) , 


we  have 
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Iw*^!  = (E[[W^,  W^] 

^ - H|^. 

K '? 

Hence,  H *X  converges  to  H»X  in 

c c E 

(b)  Since  H is  bounded,  H is  in  Liq(X)  and  LqCx'^)  for  every  n. 

We  choose  a finite  constant  c such  that  |h|  S c.  Let 

W*^  = H'X"^  - H*X  = H*(x”  - X).  Then 
c c c 

Iw""!  = (EECw"", 

«E 

^ (E[J"H^d[x"-X,  X*^-X] 

< c(E[[x"-X,  x"-X] 

00 

= cjx"  - x| 

^E 

n p 

Hence,  H-X  converges  to  H*X  in 

c c E 

Another  application  of  Corollary  3 is  the  following 
"associativity”  theorem  which  is  again  known  for  real  X. 

7 THEOREM.  Let  H be  in  Lq(X),  If  K is  real-valued  and  is  in 
both  L^(X)  and  L^(H*X)  and  E[f"H^K^d[X,  X]  ] < <»,  then 

P pc  ^333 

H*(K*X)  = HK*X  = K*(H«X). 
c c c 
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Proof:  We  first  verify  that  all  three  integrals  are  defined. 

2 

K*X  is  defined,  since  K is  in  L (X),  and  applying  II. 4. 7,  we  have 

P 

E[f”H^d[K-X,  K-X]  ] = E[{"H^K^d[X,  X]  ] < «. 

•'  3 3 •'S3  3 

2 2 

Hence,  H is  in  Lq(K*X)  and  HK  is  in  Lq(X)  and  the  first  two  integrals 
are  defined.  The  third  integral  is  defined  by  hypothesis. 

Let  f be  in  E.  Then,  outside  of  an  evanescent  set,  we  have 


(f,  H-(K-X))  = H-(f,  K-X) 
c c 

= H-(K-(f,  X)) 


= HK-(f,  X) 
c 

= (f,  HK-X) 
c 


and 


(f,  HK-X)  = HK-(f,  X) 
c c 


= K-(H-(f,  X)) 
c 


= K-(f,  H-X) 


= (f,  K-(H^X)). 


Letting  f range  through  a countable  norming  set  in  E,  we  obtain, 
outside  of  one  evanescent  set,  that 


H-(K-X)  = HK-X  = K-(H-X). 
c c c 
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8 THEOREM.  Let  E^^  be  a closed  subspace  of  E.  If  X takes  values 

2 

in  Eq,  then  H^X  also  takes  values  in  E^  for  every  H in  Lq(X). 

Proof:  We  define  a continuous,  linear  mapping  from 

2 

L (n,  F,  P,  Eq)  into  the  real  line  in  the  manner  of  the  proof  of 

2 

Theorem  2.  We  let  for  every  in  L (Q,  F,  P,  E^) 

J (Y  ) = E[J”h  d[X,  Y]  . 

1 00  •'  S S 

where  Y is  a cadlag  version  of  the  square  integrable  martingale 
E(Y  |fJ. 

oo  ' t 

1 2 

Then  there  exists  a unique  element  W in  L (Q,  F,  P,  E_) 

00  0 

2 

such  that  for  every  Y^  in  L (q,  F,  P,  Eq) 

^co)^  = E[/”h  d[X,  Y]^]. 

00  00  ^3  S 

The  square  integrable  martingale  wl  = E(W^  |f  ) (a  cadlag  version) 

then  takes  values  in  E..  We  assert  that  W^  = H*X.  Let  W denote  H*X, 

0 c c 


Let  Y 

00 

be 

in  L^(q, 

F, 

P,  E). 

We 

then  may  write  Y 

00 

= Y^  . y2. 

00  CO 

where  Y^  is 
00 

in 

L^(n,  F, 

P. 

Eq)  and 

Y^ 

00 

is  in  L^(Q,  F,  P, 

CQ 

• 

— |o 

Theorem  1.3.10,  [X,  Y^]  = 0 and  hence  [X,  Y]  = [X,  Y^]. 

. Y_^)]  = ECTh  d[X,  Y]  ] 

00  00  ^ 3 3 

= E[/"h  d[X,  Y^]^] 

S 5 

- E[(wl, 

■ Yj:. 


Thus, 
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The  last  equality  follows  from  the  fact  that  (W^  , Y^)  = 0. 

00  00 

Hence,  W = by  the  uniqueness  of  Theorem  2. 

Theorem  8 merits  some  more  discussion.  If  is  an  integrable 
random  vector,  then  it  is  the  almost  sure  limit  of  a sequence  of 
simple  random  vectors,  each  of  which  takes  a finite  number  of 
values.  If  we  let  denote  the  union  of  the  ranges  of  such  a 
sequence  and  let  be  the  closed  linear  span  of  E , then  X takes  its 
values  almost  surely  in  E^,  which  is  a closed  subspace  of  our  original 
space  which  we  have  been  denoting  by  E.  Moreover,  E^  is  separable. 

Now  let  X denote  a cadlag  version  of  the  martingale  E(X  If.,). 

0 oo  I ^ 

If  we  let  (X^)  be  a sequence  of  simple  random  vectors  converging 

to  X in  L^(q,  F,  P,  E^),  then  E(x'^|f.  ) will  also  converge  to 

E(X^|f^)  in  F,  P,  Eq)  for  every  t.  Since  X^  are  simple,  it  is 

clear  that  ECX*^  If.  ) 'takes  values  in  E.  for  all  n and  t. 

00  ' t 0 

We  fix  a rational  t.  Through  an  appropriate  subsequence, 

E(x2|f^)  converges  a.s.  to  E(X^|f^).  Hence,  almost  surely 

\ = E(X_^|F^)  = Urn  E(X;|F  ). 
n 

Hence,  X^  also  takes  values  in  E^,  outside  of  a null  set.  By 
right  continuity  and  taking  limits  along  the  nationals,  we  have  that  X 
takes  values  in  E^  outside  of  an  evanescent  set. 

Therefore,  in  constructing  the  optional  stochastic  integral,  we 
need  not  assume  that  E is  separable.  This  hypothesis  was  not  used  in 
the  proof  of  Theorem  2,  and  the  above  discussion  along  with  Theorem  8 
shows  that  we  may  reduce  the  general  case  to  one  which  includes 
separability  as  a hypothesis. 
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9 THEOREM.  Let  H be  in  L^(X)  and  W = H*X.  If  X is  quasi-left 

0 c 

continuous,  then  we  have  the  following: 

(a)  AW  = HAX. 

(b)  [H*X,  Y]  = H*[X,  Y],  for  every  Y in  M^. 

C F) 

(c)  Theorem  7 remains  valid  for  optional  K. 

Proof : With  the  convention  that  X = X . we  have  that  for  everv 

0-0  ^ 

predictable  time  T,  AX^  = 0 a.s.  The  result  is  known  for  real  X [4, 
VIII. 35]. 

(a)  Let  f be  in  E.  Outside  of  an  evanescent  set,  since  (f,  X)  is 
still  quasi-left  continuous,  we  have 

(f,  AW)  = A(f,  W)  = AH^(f,  X)  = HA(f,  X)  = (f,  HAX). 

Hence,  AW  and  HAW  are  indistinguishable  in  the  separable  space 

E. 

2 

(b)  By  Theorem  4 (c),  we  know  that  for  every  Y in  M 

A = [W,  Y]  - H*[X,  Y]  is  a uniformly  integrable  martingale  and 
a process  of  integrable  variation.  Then  for  every  stopping 
time  T,  we  have,  by  (a), 

^ E(A„-A^_|F^)  = AA^ 

= (AW^,  AY^)  - H^(AX^,  AY.J.) 

= (AW^  - H^AX^,  AY^) 


0 a .3. 
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Hence,  A and  0 have  the  same  optional  dual  projection  [4, 

VI. 75].  Since  A is  already  optional,  A = 0. 

(c)  In  the  hypothesis  of  Theorem  7,  we  make  the  change  that  K is  in 
2 2 

L-(X)  and  L„(H*X).  Applying  (b)  twice,  we  have 
0 0 c 

[K*X,  K-X]  = K^*[X,  X]. 
c c 

As  in  the  proof  of  7,  we  then  have  that  H*(K*X),  HK*X,  and 

c c c 

K*(H*X)  are  all  defined.  The  remainder  of  the  proof  of  7 
c c 

remains  valid  since  the  result  for  real  X is  known. 

2.  Relation  to  the  Stieltjes  Integral 

In  Theorem  II. 2. 2,  we  saw  for  the  predictable  stochastic  integral 

2 

that  for  locally  bounded  H in  L^CX),  where  X is  also  a process  of 
finite  variation,  H*X  is  the  usual  Stieltjes  integral.  For  the 
optional  integral,  we  do  not  obtain  an  analogous  result.  In  the 
discussion  following  Theorem  4.8,  we  shall  see  further  why  this  is  the 
case. 

1 LEMMA.  Let  H be  in  L^(X).  Then  H*X  = H*(X-X^)  + H„X„. 

0 c c 0 0 0 

Proof:  We  first  note  that 


E[/"Hgd[X-XQ,  X-Xq]^]  = E[/"Hgd([X,  X]g  - [X,  Xj^)] 

^ E[/“Hgd[X,  X]g]. 
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Hence,  H is  in  Lq(X-Xq).  Thus,  by  Theorem  1.5, 


H-X  - H*(X-X„)  = H*X„  = H*X°  = (H‘X)° 
c c 0 c 0 c c 


- ■ "o^o' 


The  preceding  lemma  allows  us,  when  convenient,  to  work  with 
X - Xq  and  thereby  assume  from  the  start  that  X is  zero  at  0. 

2 LEMMA.  Let  X be  an  E-valued  local  martingale  which  is  zero  at  0 

and  let  H be  a real  optional  process.  If  X is  also  a process  of 

finite  variation  and  if  the  process  J^|H^||dX^|  is  locally  integrable 

then,  letting  A.  = dX  and  N.  = A.  - A?,  we  have  for  every  E- 
t-'ss  ttt 

valued  local  martingale  Y that  the  process  [N,  Y]^  - f^H  d[X,  Y] 

t •'  s 3 

is  a local  martingale  which  is  zero  at  0. 

Proof:  We  first  verify  that  the  process  f^H  d[X,  Y]  is  defined, 

•'  s 3 

outside  of  an  evanescent  set. 

Since  |^|H  | |dX  | is  locally  integrable  and  zero  at  0,  there 

® ® Tn 

exists  a sequence  of  stopping  times  (T^)  such  that  | '^|Hg||dXg|  is 
integrable  and  hence  finite  almost  surely.  Since  [Y,  Y]  is 
increasing,  we  may  also  assume  that  [Y,  Y]  is  bounded  by  n on 
CO.  T„C. 

Since  X is  of  finite  variation,  [X,  X]^  reduces  to  the  sum  of  the 
squares  of  the  jumps  of  X;  hence,  for  every  measurable  process  K, 


= 1 
s^t 


2 


(2.1) 


f |Kjd[X,  X]g 
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By  the  Kunita-Watanabe  inequality,  we  have 


/ |H,I|«X,  Y]  I S 

[0,T„[ 

(2.2) 


( I iH  l^dCX,  X]  J dCY,  Y] 

CO,T  [ ® ^ [0,T  C ® 

n ’ n 

( Z / dCY.  Yy’^  = 

s<T  CO,T  [ 


|H  Max 

s<T  ^ ® 

n 

^ n|^"|Hj|dXj 
< ® a .3 . 


Since  increases  to  infinity,  the  process  finite 

outside  of  an  evanescent  set  and  d[X,  Y]  is  defined. 

•'  3 3 

Now  since  X is’  of  finite  variation,  [X,  Y]  is  a sum  of  jumps,  by 
Theorem  11.3.^;  thus. 


j\d[X,  Y]g  = Z Hg(AXg,  AYg) 
s^t 


= Z (H  AX  , AY  ) 

..  S 3 S 


= Z (AA  , AY  ) 
s:£t 


- CA,  Y]^. 


The  last  equality  holds  since  A^  = J^H^dX^  is  also  a process  of  finite 


variation.  We  then  have  that 


82 


[N,  Y]^  - fn^dCX,  Y]g  = -CA^,  Y]^ 

is  a local  martingale  by  Theorem  11.3.^,  since  is  a predictable 
process  of  finite  variation  and  Y is  a local  martingale. 

Finally,  since  a^  = A^  = = 0,  we  have  that  -[A^,  Y]^  = 

-(Aq,  Yq)  = 0,  and  the  above  local  martingale  is  zero  at  0.  (We 
recall  in  general  that  since  A is  locally  integrable,  A^  is  the  unique 
predictable  process  of  finite  variation  such  that  A - A^  is  a local 
martingale  which  is  zero  at  0.) 

2 

3 THEOREM.  Let  H be  in  Lq(X)  and  assume  that  X is  also  a process  of 
finite  variation.  If  the  process  J^|Hg||dXg|  is  finite  outside  of  an 
evanescent  set,  then  this  process  is  in  fact  locally  integrable  and 
H«X  = A - A^  + H„X„,  where  A,.  = pH  dX  . 

Proof:  We  first  recall  that  to  show  J^|H^||dX^|  is  locally 

integrable,  we  must  show  that  the  process  J''|H^||dX^|  - |Hq||Xq|  is 
locally  integrable.  However, 


- |XoN’‘ol  • - l'lXol> 

S f|H3l|d(X^  - X^)| 

^ riHaltllXj  ♦ |dXj) 


riH. 


dX 


I |H. 


dX 


CO] 
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Hence,  it  suffices  to  show  that  the  process  J^|H^||d(X^  - X^)] 

is  locally  integrable,  since  this  process  dominates 

J^|H  I I dX  I - |h  ||X  I and  is  also  finite  by  the  last  equality.  By 

S3  0 U 

working  with  X - X^,  we  may  assume  that  Xq  = 0.  (We  have  noted  in 

2 

Lemma  1 that  H is  also  in  L^CX  - X^).) 

Then  to  show  J^|H  | | dX  | is  locally  integrable,  it  suffices  to 

3 S 

show  that  the  process  has  bounded  jumps,  since  it  is  increasing. 

We  have  for  every  stopping  time  T, 

E[Af  |Hj|dXj]  = E[|H^||AX^|] 

= e[(|h^|a[x, 

^ (e[|h^|a[x, 

= (E[  / nfdCx, 

[T]  " 

^ |H|x* 

rT 

By  the  cross-section  theorem,  the  Jumps  of  J |H  ||dX  | are  bounded, 

S 3 

outside  of  an  evanescent  set,  by  |hL. 

A 

We  now  let  A = dX  , and  N.  = A.  - aP.  We  assert  that  N is  a 
t •'  s 3 t t t 

square  integrable  martingale  and  that  N = H*X, 

c 

Using  Corollary  II. 4. 2 and  Theorem  II.i<.4  we  have 


E[[N,  N]^]  ^ 2E[[A,  A]^]  + 2E[[-aP,  -A^]^] 
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= 2ECCA,  A]^]  + 2E[[aP,  A^]_^] 

S 4ECCA,  A]  ] 

00 

= 4E[  I (AA  , AA  )] 

S3 

S<« 

= 4E[  E (H  ax  , H ax  )] 

. 3 3 3 3 

3<“ 

= 4E[  I H^A[X,  X]  ] 

- S 3 

S<«» 

< 4E[/"Hgd[X,  X]g] 

< ®. 


Hence,  by  Theorem  II. 3* 7,  N l3  a equare  integrable  martingale. 

Let  Y be  in  M^.  Then  by  Lemma  2,  [N,  Y]  - d[X,  Y]  i3  a 

L>  S S 

local  martingale  which  is  zero  at  0.  But  by  the  Kunita-Watanabe 
inequality  and  Holder’s  Inequality,  we  have 

E[f  |dCN,  Y]  J]  < iNj  |Yj  < « 

L L 

and 

Y]J]  < lHj^|Y_^I  2 < 

Li 

Hence,  [N,  Y]  - J^H  d[X,  Y]  is  of  integrable  variation  and  is  thus  a 
^ s s 

local  martingale  of  class  D,  which  then  makes  it  a true  uniformly 
integrable  martingale.  Since  it  is  zero  at  0,  we  have 


E[(N^,  Y^)]  = E[[N,  Y]^] 


ECTh  d[X,  Y]  ] 

■'  3 3 
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= E[((H-X)  , Y )]. 

Q 00  OO 

Hence,  N = H*X. 

c 

We  were  working  with  X - X^^,  so  we  have  shown  that 
H.(X  - Xq)  = /\d(Xg  - Xg)  - (/’HgdCXg  - Xq))P.  However, 

rv«3  ■ ='o>  - - Xo))” 

• /\<1X3  - (/■H3CIX^)'’  - * (H„X„)P 

Hence, 

H.X  = H.(X  - Xq)  . HqXq 

= f^H  dX  - (f*H  dX  + H X„. 
s s ■'  s s 0 0 

3.  The  Optional  Integral  With  Respect 
to  a Special  Semlmartlngale 

We  shall  now  define  and  characterize  the  stochastic  integral  of  a 
real  optional  process  H with  respect  to  an  E-valued  special 
semimartingale  X.  The  class  of  optional  processes  for  which  we  define 
this  integral  will  include  locally  bounded  processes.  We  shall  of 
course  still  maintain  agreement  with  the  predictable  Integral  when  H 
is  locally  bounded  and  predictable. 

1 LEMMA.  Let  X be  in  M^  and  let  H be  in  L^(X).  Then 

b 0 

lH;X|  < 3/2  EC(jVd[X,  X] 

C ! 3 3 
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Proof;  We  note  in  particular  that  for  H bounded  and  optional,  H is  in 

2 2 2 1 
Lq(X).  In  any  case,  H^X  is  in  = H , which  is  contained  in  H . 

Let  J be  a continuous  linear  form  on  h\  By  Theorem  11.5.8, 

2 

there  exists  a unique  Y in  BMO  such  that  J(Z)  = E[CZ,  Y]  ],  for  every 

00 

Z in  h\  Moreover,  Jy|  ^ 3jj[. 

BMO'^ 

By  (7.^)  in  the  proof  of  Corollary  II. 5. 7,  we  have  that  for  every 
stopping  time  T 

EC  / d[Y,  Y]  If  ) < (|y1  a. 3. 

[T,®]  BMO 

Then  applying  Theorem  11.5.6,  we  obtain 

ECTIh  ||d[X,  Y]  |]  ^ /2  IY|  E[(|”H^dCX,  X])^''^]. 

Hence, 

(1.1)  |H*x|  = sup  |J(H-X)| 

jjf^l  ° 

S sup  |E[[H-X,  Y]  ]| 

2 C ® ' 

Y in  BMO 
|Y|<3 

= sup  |E[/"h  d[X,  Y] J| 

2 s s 

Y in  BMO 
|Y|^3 

< sup  E[|"|h  I |d[X,  Y]  1 ] 

Y in  BMO^ 

|Y|^3 

^ 3/2  ECCTH^dCX,  X] 
s s 
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2 DEFINITION.  Let  X be  a special  semimartingale  with  canonical 
decomposition  X = + M + A,  where  M is  a local  martingale  that  is 

zero  at  0 and  A is  a predictable  process  of  finite  variation  that  is 
zero  at  0. 

We  let  denote  the  space  of  real,  optional  processes  H such 

that 

(2.1)  |h  I |dA  I < “>  a .s . for  each  t 

3 S 

and 

(2.2)  (J^H^dCM,  M]  )^^^  is  locally  integrable. 

We  note  the  following: 

(a)  Condition  (2.1)  means  that  the  process  H»A  = dA  is  well- 
defined,  up  to  an  evanescent  set. 

(b)  In  particular,  if  H is  locally  bounded,  then  H is  in  Lq(X). 

For  let  (T^)  be  a sequence  of  stopping  times  which  increase  to 
infinity  such  that  |h|1jq  ^ ^ Is  bounded,  by  a finite  constant 

c^,  for  each  n.  Since  M,  and  hence,  [M,  M],  is  zero  at  0,  we 
have 

(/  '^^d[M,  M]  )^^^  = ( I H^d[M,  M]  )^^^ 

^ ® ]0,T  ] ® ® 

n 

^ C^[M,  . 

n 

1 /2 

By  Theorem  II. 4.5,  we  may  also  assume  [M,  M]^  is  integrable; 

n 


hence,  condition  (2.2)  is  satisfied. 
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Since  = 0,  we  have 


/ 

]0,T  ] 
n 


^ c A^ 
n'  T 


Condition  (2.1)  then  holds,  since  (T  ) increase  to  infinity. 

n 

3 THEOREM.  Let  X be  a special  seraimartingale , having  canonical 

decomposition  X = + M + A.  For  every  H in  Lq(X)  there  exists  a 

unique  semimartingale  Z,  with  decomposition  Z = ^ such 

that  for  every  bounded  E-valued  martingale  Y,  the  process 

[Z,  Y]  - H*[X,  Y]  is  a real  local  martingale  which  is  zero  at  0. 

Z is  called  the  optional  (or  compensated)  stochastic  integral  of 

H with  respect  to  X and  is  denoted  by  Z = H*X. 

c 

If  H is  predictable,  we  write  Z = H*X  and  in  this  case  we  in  fact 
have  [H*X,  Y]  = H*[X,Y]  for  every  bounded  martingale  Y.  Moreover,  if 
H is  locally  bounded  and  predictable,  H*X  agrees  with  the  predictable 
stochastic  integral. 


Proof ; We  begin  with  uniqueness.  We  must  show  the  uniqueness  of  the 
local  martingale  W in  the  decomposition  of  Z.  For  every  bounded 
martingale  Y, 


[Z,  Y]  - H-[X,  Y]  = (H  X , Y.)  + [W,  Y]  + Z (H  AA  , AY  ) 

0 0 0 s s s 

s^t 


(3.1) 
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- [Hq(Xq,  Yq)  + H*[M,  Y]  + Z 


AY  )] 

3 


= [W,  Y]  - H*[M,  Y]. 


If  U is  another  local  martingale,  which  is  zero  at  0,  that  may  be  used 

in  the  decomposition  of  Z,  then  for  every  bounded  martingale  Y,  the 

processes  [W,  Y]  - H‘[M,  Y],  [U,  Y]  - H*[M,  Y],  and,  by  taking 

differences,  [W-U,  Y]  are  all  local  martingales  which  are  zero  at  0. 

We  replace  W - U by  V in  the  notation.  V is  a local  martingale 

which  is  zero  at  0 and  which  we  claim  is  identically  zero.  Let  (T  ) 

T " 

be  a sequence  of  stopping  times  reducing  V.  Since  V ” is  a uniformly 

integrable  martingale,  we  know  by  Theorem  8.7  in  M^tivier  and 

T 

Pellaumail  [10]  that  V is  of  class  D for  each  n. 

By  Theorem  II. 3. 5,  the  process 


is  a local  martingale  which  is  zero  at  0.  So  is  the  process  [V,  Y], 
and  then,  by  stopping  at  T^,  so  is  the  process 


By  adding  the  right  hand  side  of  (3.3)  to  (3.2),  we  have  that  for 
every  n. 


(3.2) 


(V  , y;  - LV  , Y] 


(3.3) 


T T 

[V,  Y]  " = [V  ",  Y]. 


(3.4) 
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is  a local  martingale  which  is  zero  at  0,  for  every  bounded  martingale 

Y. 

T 

Since  V ‘is  of  class  D and  Y is  bounded  and 

T T T 

|(V  Y)|  ^ |v  '^||y|,  we  have  that  (V  Y)  is  also  of  class  D and 

hence  is  a true  uniformly  integrable  martingale  [4,  VI. 30(f)],  which 

is  zero  at  0. 

Thus,  for  every  bounded  martingale  Y 

E[(V  , Y )]  = 0. 

T ” 

n 

In  other  words,  for  every  bounded  -measurable  Y , we  have 

n 

E[(V  , Y )]  = 0; 

T “ 

n 

hence,  = 0 a.s.  for  each  n. 

T 

T 

Thus,  V = E(V  |f  ) = 0 and  V is  zero  on  [0,  T ].  Letting  n 
n 

tend  to  infinity,  we  have  that  V is  identically  0.  The  uniqueness  is 
established . 

To  establish  existence,  it  suffices,  in  view  of  (3.1),  to 
construct  a local  martingale  W,  which  is  zero  at  0,  such  that  for 
every  bounded  martingale  Y the  process  [W,  Y]  - H*[M,  Y]  is  a local 
martingale  which  is  zero  at  0.  To  achieve  this  goal,  we  need 
condition  (2.2)  of  Definition  2.  In  case  H is  predictable,  again  in 
view  of  (3.1),  we  need  only  show  [W,  Y]  = H*[M,  Y]. 


We  proceed  in  several  steps. 
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Step  1:  Assume  H is  bounded  and  M is  in  h\  By  Theorem  II. 5. 3,  there 

exists  a sequence  of  bounded,  and  hence  square  integrable,  martingales 

(X*^)  converging  to  M in  Referring  to  the  proof  of  II. 5. 3,  we  see 

that  we  may  take  = 0 for  each  n,  since  = 0. 

We  let  W^  = H'X*^.  W*^  is  in  = H^,  which  is  contained  in  , 

for  each  n.  Moreover,  by  Theorem  1.5  (a),  - W™  = H*(X*^  - x'") . We 

c 

choose  a constant  c such  that  |h|  ^ c,  then,  by  applying  Lemma  1,  we 
obtain 

|w"  - T = |H-(x"  - x"’)! 

H H 

^ 3/2  E[(rH^d[x"-x'",  x'^-x"’] 

•’  S 3 

S 3c/2  ECCx"-x",  x"-x“]^^^] 

00 

. 3o/2  |x"  - x”!  , . 

H 

Thus,  (W*^)  is  Cauchy  in  h\  Since  is  complete  (see  Appendix), 
there  exists  a local  martingale  W such  that  (w"^)  converges  to  W 
in  h\ 

Since  x”  = 0 for  each  n,  W^  = H^X^  = 0.  It  is  immediate  that 

')  converges  to  W*^  in  and  hence  (w”)  converges  to  W^ 

in  (see  again  Theorem  II. 5. 3).  Hence,  W^  = 0. 

2 

For  every  Y in  BMO  , in  particular  for  every  bounded  martingale, 
we  have  for  every  stopping  time  T 

EClfdCW,  Y]g  - /\d[M,  Y]g  - fd[w",  Y]g  + fHgdCx",  Y] J ] 
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< E[/"ld[wV,  Y]  |]  + E[/”|H  ||d[M-x",  Y]  I] 

3 S 3 

< /2  IW  - W"5  lY|  - c/2  iM  - X^l  |Yl 

H BMO  H BMO 

by  Corollary  II. 5. 7.  Hence, 

(3.5)  - lim(/^d[w",  Y]  - d[x",  Y]  ) 

n 3 3 3 

- /’’tltw,  Y]^  - y:^. 

By  Theorem  1.4  (c),  [W^,  Y]  - H»[X*^,  Y]  is  a uniformly  integrable 
martingale,  which  is  zero  at  0.  Hence,  for  every  stopping  time  T, 

E[Fd[W,  Y]  - f’^H  d[M,  Y]  ] 

■'  3 •'  3 3 

= lim  E[Fd[W^,  Y]  - /"^H  d[x",  Y]  ] 
n 

= 0. 


Hence,  [W,  Y]  - H*[M,  Y]  is  also  a uniformly  integrable  martingale. 

It  is  clearly  zero  at  0,  since  = 0 and  = 0.  We  may  then  denote 

W = H*M. 
c 

We  note  that  if  H is  predictable,  then  by  Theorem  1.4  (c), 

Cw",  Y]  = H-[x",  Y]  for  each  n.  Hence  by  (3.5)  we  have  for  every 
stopping  time  T that 

/’^d[W,  Y]^  - /\d[M,  Y]^  = 0 a. 3. 

S3  3 

Hence,  [W,  Y]  - H*[M,  Y]  = 0 by  the  cross-section  theorem. 
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Step  2:  We  assume  M is  in  and 


EC(jVd[M, 


1/2. 


r®  2 

We  then  have  that  H d[M,  M]  < ® a.s.  and  we  henceforth  consider 

r®  2 

only  w such  that  J H d[M,  M]  < and  we  denote  by  r the  set  of  such 


w. 


We  let  H = HI 


|H|^n}* 


Since  converges  pointwise  to  H and  Ih’^I  < H we  have  on  r, 


by  dominated  convergence,  lim  /”(H  - H*^)^d[M,  M]  = 0.  Thus, 

S3  S 

lim(/“(H  - H‘^)^d[M,  M]  ) ^ = 0 a.s.  Since, 


(f(H3  - H^)  dCM,  M]^)^  = (r(H3l||H|>,|)"cl[M,  M]^) 


1/2 


fCO  P 1 /p 

^ (J  Hgd[M,  M]^)' 


1 /2 


we  have  again  by  dominated  convergence  that 


(3.6)  lim  E[(/“(H  - H'^)^d[M,  M]  = 0. 

•'S3  S 

n 

Moreover,  it  immediately  follows  that 


(3.7)  lim  E[(/"(h"  - H®)^d[M,  M]  )^^^]  = 0. 

3 3 S 

n,m 

By  Step  1,  we  define  W^  = h'^»X.  Then  W^  is  a local  martingale  which  is 

2 

zero  at  0 for  each  n.  Moreover,  for  every  Y in  BMO  , the  process 

[W",  Y]  - h".[M,  Y] 


is  a uniformly  integrable  martingale,  which  is  zero  at  0,  and  is 


identically  zero  if  H is  predictable.  Hence, 


(3.8)  ECCW",  Y]^  - /“H"d[M,  Y]g]  = 0. 

However,  by  Theorem  11.5.6, 


E[f  |H"||d[M,  Y]|  ] < /2  |Y| 

® ® BMO 

M 

BMO 

< ®. 


_E[(|"(H")^d[M,  M]^) 

^3  S 

E[(J”H^dCM,  M] 

2 ■'  S 3 


1/2 


] 


] 


That  is,  f”H'^d[M,  Y]  is  integrable  and  (3.8)  becomes 

'3  S 

(3.9)  E[[W",  Y]^]  = E[|Vd[M,  Y]g]. 

We  may  use  (3.9)  in  line  (1.1)  of  the  proof  of  Lemma  1 and  thus  extend 
the  lemma  in  general  to 

(3.10)  |h"-m|  S 3/2  EC(/”(H")^d[M, 

c H^  S3 

for  M in  H^  and  for  any  bounded,  optional  H*^.  Moreover,  since  for 
every  bounded  martingale  Y 

[H^.M  - H™-M,  Y]  - (h'^  - h'")*[M,  Y] 
c c 

= [h'^^m,  y]  - h'^-CM,  y]  - (Ch'^-m,  y]  - h'"-[m,  Y]) 


is  a local  martingale  which  is  zero  at  0,  we  have  by  uniqueness  that 
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(3.11)  - w"*  = h'^-m  - h"'-m  = (h"  - h"’)*m. 

c c c 

Finally,  since 

|w"  - w™|  = I(h"  - H^.Ml 

h'  ° h' 

^ 3/2  E[(/”(h"  - H™)^d[M,  M] 

S3  S 

(W*^)  is  Cauchy  in  by  (3.7). 

Hence,  there  exists  a local  martingale  W in  such  that 

(w")  converges  to  W.  As  in  Step  1 , we  have  = 0. 

2 

Let  Y be  in  BMO  . For  every  stopping  time  T, 

EC|J^d[W,  Y]g  - j\d[M,  Y]g  - J'^dEw",  Y]g  - /VdCM,  Y]g|] 

< E[/”|d[wV,  Y]J]  -H  E[/”|H^  - H^lldCM,  Y]J] 

^ /2  |Y|  |W  - W"1  + /2  |Y||  pE[(/“(H  - H")^d[M,  M]  ) ^ ^^] 

BMO  H BMO 

by  Corollary  II. 5. 7 and  Theorem.  11.5.6.  Hence, 

- lim(f^dCw",  Y]  - f^H^dCM,  Y]  ) = Fd[W,  Y]  - Fh  d[M,  Y]  . 

■'  s-'s  3 ■'  s-'s  3 

n 

2 

We  conclude  as  in  Step  1 that  for  every  Y in  BMO 

(3.12)  [W,  Y]  - H-[M,  Y] 

is  a uniformly  integrable  martingale,  which  is  zero  at  0,  and  which  is 
identically  zero  if  H is  predictable.  We  may  now  denote  W = H^X. 
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Step  3:  We  simply  assume  condition  (2.2)  of  Definition  2 holds. 

We  let  (T^)  be  an  increasing  sequence  of  sstopping  times  such 

that 

T 

(f  "H^d[M,  M] 

^3  3 

is  integrable  for  each  n.  By  Theorem  II. 4. 5,  we  may  also  assume  that 


[M,  M] 


1 /2 
T 

n 


is  integrable  for  each  n. 
T 

M is  in  H for  each  n. 


But,  [M, 

n 

Moreover, 


n-,1/2, 
J _ ) 


hence. 


(J  Vd[M,  M]  = (/VdCM  ", 


3 


thus,  the  conditions  of  Step  2 are  satisfied.  We  may  then  define 
T 

w"  = , a local  martingale  which  is  zero  at  0 and  satisfies 

(3.12) .  Let  Y be  in  BMO^.  Then  let 

T 

(3.13)  a"  = [w",  Y]  - H*[M  ",  Y]. 
n+1 

A is  a uniformly  integrable  martingale  for  each  n,  thus  so  is 
(a"""  ) ".  But 

(A""’b  " = [(W"‘"^  ",  Y]  - H-[(M  "■'^)  ",  Y] 

T T 

= C(W"  ^)  ",  Y]  - H.[M  ",  Y]. 
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Since  Y is  arbitrary,  we  have  by  uniqueness  that 


(W 


n+1 


= w”. 


So  we  may  define  w = lim 

n 


by  pasting  together,  so  that  for  each  n 


W 


n 


is  a uniformly  integrable  martingale  that  is  zero  at  0.  That  is,  W is 

a local  martingale  that  is  zero  at  0. 

Letting  A = [W,  Y]  - H*[M,  Y],  we  see  that  (T  ) also  reduce  A by 

n 

(3.13).  Hence,  A is  a local  martingale  which  is  zero  at  0,  for  every 
2 

Y in  BMO  . Moreover,  by  stopping  at  T and  applying  (3.12),  we  see 
Tn  n " 

that  A = A is  identically  zero  if  H is  predictable.  Thus,  so  is 

A.  We  then  set  W = H^M  and  the  construction  is  complete. 

Finally,  if  H is  locally  bounded  and  predictable  we  know 

by  Theorem  II. 4. 6 that  for  every  bounded  martingale  Y 

[H*X,  Y]  - H*[X,  Y]  = 0.  That  is,  the  predictable  stochastic  integral 

satisfies  the  theorem;  hence,  by  uniqueness  H-X  = H*X. 

c 

We  give  comments  on  the  theorem. 

(a)  As  was  shown  throughout  the  proof,  we  have  in  fact  that  for 
2 

every  Y in  BMO  , the  process  [H*X,  Y]  - H*[X,  Y]  is  a local 
•martingale  which  is  zero  at  0 and  is  identically  zero  if  H is 


predictable. 
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(b)  We  shall  commonly  write  H*X  = + H*A,  where 

X = Xq  + M + A is  the  canonical  decomposition  of  X,  and  we  note 

that  = 0 = (H‘A)^. 

c 0 0 

(c)  In  the  real-valued  case,  is  the  "classical"  compensated 
integral  for  local  martingales  given  in  D6llacherie  and  Meyer 
[i|].  We  will  prove  a result  analogous  to  Corollary  1.3  and 
then  will  be  able  to  use  the  results  in  D4llacherie  and  Meyer 
[i4]  for  real-valued  M,  and  then  extend  them  to  E-valued  M as  in 
Theorem  1.7,  for  example. 

(d)  Finally,  we  note  that,  by  (3.1),  we  have 

[H-X,  Y]  - H-CX,  Y]  = [H-M,  Y]  - H-[M,  Y] 
c c 

for  every  bounded  martingale  Y (even  for  every  semimartingale 

Y);  thus,  properties  of  H*X  will  often  reduce  to  properties  of 

c 

H*M. 

c 

4 COROLLARY.  Let  X be  a special  semimartingale  and  let  H be 
in  Liq(X).  Then  for  every  f in  E,  (f,  H*X)  = H*(f,  X). 

Proof;  By  Theorem  II. 4. 9 (b),  H is  in  ^^((f',  X));  hence, 

H*(f,  X)  exists, 
c 

Let  Y be  a bounded  (real)  martingale.  Then  by  Theorem  II. 3. 9, 

C(f,  X),  Y]  - [X,  fY] 


and 
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[(f,  H*X),  Y]  = [H*X,  fY]. 

G C 

Hence,  since  fY  is  an  E-valued  bounded  martingale, 

[(f,  H-X),  Y]  - H*[(f,  X),  Y]  = CH-X,  fY]  - H*[X,  fY] 
c c 

is  a local  martingale  which  is  zero  at  0.  Thus,  by  uniqueness  of 

H*(f,  X),  we  have  that 
c 

(f,  H-X)  = H-(f,  X). 


Properties  of  the  Optional  Integral 
We  continue  this  chapter  with  a section  giving  the  properties  of 
the  optional  integral  defined  in  Section  3-  In  certain  cases,  we 
shall  restrict  ourselves  to  locally  bounded  H.  We  shall  also  use 
analogous  results  for  real-valued  X,  by  applying  Corollary  3.4. 


1 THEOREM. 

(a)  If  H is  in  Lq(X)  and  L.q(Z),  then  H is  in  L^(X+Z)  and 

H-(X+Z)  = H-X  + H-Z. 
c c c 

(b)  If  H and  K are  In  Lq(X),  then  H + K is  in  I>q(X)  and 

(H  + K)-X  = H-X  + K-X. 
c c c 

Proof: 

(a)  Let  X = Xq  + M + A and  Z = Z^  + N + B be  canonical 

decompositions  of  the  special  semimartingales  X and  Z.  Then 


X + Z has  the  canonical  decomposition. 
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X + Z = (Xq  + Zq)  + (M  + N)  + (A  + B). 

We  have 

f |HjId(A  ^ B)J  < j^lHjldAj  + j’^lHjIdBj, 
for  every  t.  Also, 

J^Hfd[M+N,  M+N]  = f’^H^dCM,  M]  + 2/'^H^d[M,  N] 

S S 3 S S S 

^ jVd[N.  N]g. 

For  the  second  summand  on  the  right  hand  side  we  have, 
f^|Hg||Hjd[M,  N]g  < |^lHj|Hj|d[M,  N]J 

^ (/Vd[M,  M]  )^^^(|^H^d[N,  N] 

S3  S3 

by  the  Kunita-Watanabe  inequality.  Hence, 

t ? 1 /? 

H d[M+N,  M+N]  ) 
s s 

< [j'^H^dCM,  M]  + 2(/'^H^dCM,  M]  ) ^ ( f^H^d[N,  N]  + f^H^d[N,  N] 

3 S 3 'S  S ^3  3 

= (j'^H^dCM,  M]  + (J^H^d[N,  N] 

S 3 *3  S 

Hence,  conditions  (2.1)  and  (2.2)  of  Definition  3.2  are 
satisfied.  That  is,  H is  in  Lq(X+Z).  Then  for  every  bounded 
martingale  Y, 

[H*X  + H*Z,  Y]  - H‘[X+Z,  Y] 
c c 

= ([H-X,  Y]  - H-[X,  Y])  + (CH-Z,  Y]  - H-[Z,  Y]) 
c c 
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is  a local  martingale  which  is  zero  at  0.  Thus,  by  uniqueness, 

H*X  + H*Z  = H* (X  + Z) . 
c c 

(b)  Using  the  inequalities 

(i)  (a  + b)^  $ 2a^  + 2b^  and 

I/O  1 /p  1 /p 

(ii)  (a  + b)  < a + b , for  a S 0 and  b S 0, 
we  have  for  X = + M + A, 

(flHg  + 

< (2j''|Hj^dCM,  M]g  + 2f  iKj^dCM, 

- ^ + /2(f^|K  |^d[M,  M] 

S3  S3 

Then  since 

ri"s  * ’'3ll'‘''3l  ^ /‘l'<sll‘“3l  * 

we  have  that  the  conditions  of  Definition  3.2  are  satisfied  for 
H + K.  Hence,  H + K is  in  Lq(X).  Then  for  every  bounded 
martingale  Y, 

[H-X  + K-X,  Y]  - (H  + K)»[X,  Y] 

G ■ C 

= [H-X,  Y]  - H*[X,  Y]  + [K*X,  Y]  - K*[X,  Y] 

0 c 

is  a local  martingale  which  is  zero  at  0.  By  uniqueness, 

H-X  + K-X  = (H  + K)-X. 
c c c 
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2 THEOREM.  Let  H be  in  L^CX).  Then  for  every  stopping  time  T, 

(H*X)'^  = H'X’^  = ^-.-X. 

c c [0,T]c 

Proof:  If  X has  canonical  decomposition  X = X^  + M + A,  we  note  that 

T T 

A is  still  a predictable  process  and  x then  is  special  with 

T T T 

canonical  decomposition  X = X^  + M + A . We  have 

(2.1)  f^|Hg||dAg|  < IdAgI  , for  each  t, 

(2.2)  ^^l^sl^[0,T]l^^sl  “ , for  each  t, 

(2.3)  (jVdCM’^,  = (J^HgdCM, 

^ (/^H^dCM,  M]  )^^^,  and 
s s 

(2.4)  (fHglj-Q^^^dCM,  < (fHgd[M, 

T 

which  means  H is  in  Lq(X  ) and  Hlj.^  is  in  L,q(^)« 

Let  Y be  a bounded  martingale  and  let  B = [H*X,  Y]  - H»[X,  Y]. 

c 

Then 

[(H-X)"^,  Y]  - H-[X^,  Y]  = [H*X,  Y]^  - H-CX,  Y]"^  = 

is  a local  martingale  which  is  zero  at  0,  since  B is  such.  Hence, 

(H*X)”^  = H'x"^.  Moreover, 
c c ’ 

[(H^X)”^,  Y]  - H1j-q^^^*[X,  Y]  = CH^X,  Y]  - (H-[X,  Y])"^  = b'^; 
hence,  (HjX)’’  - 
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3 THEOREM.  Let  H be  locally  bounded,  X=X^+M+Aa  special 
semimartingale,  and  let  Z = H^X.  Then,  = H^X^  and 
AZ  = HAM  - P(HAM)  + HAA  on  ]0,  ”[. 

Proof;  Since  Z = H^X^  + H*M  + H*A,  with  (H*M)q  = 0 = (H*A)^, 
the  first  assertion  is  obvious.  Since  A(H*A)  = HAA,  it  suffices  to 
show  that  A(H^M)  = HAM  - ^(HAM)  on  ]0,  ®[.  But  since  the  result  is 
known  for  real- valued  M,  we  may  prove  the  result  weakly,  by  Corollary 
3.4,  provided  *^(HAM)  is  suitably  defined. 

Since  H is  locally  bounded,  we  know  H is  in  Lq(X)  (remark  (b) 
after  Definition  3.2).  Let  (T^)  be  an  increasing  sequence  of  stopping 
times  such  that 

(/  "Hgd[M,  = (j"Hgd[M  ",  M 

is  integrable.  By  Theorem  II. 4. 5,  we  may  also  assume  that 

T T 

tm  ^ w n-i1/2  pu  i^-tl/2 

[M  , M = [M,  M]^ 

n 

is  integrable.  Then  for  every  predictable  stopping  time  T, 

ECPlHiM 


ion 


^ E[(/"H^d[M  M ’^] 


< “>. 


By  the  predictable  cross-section  theorem,  ^|haM  ”^1  < outside  of  an 

T 

evanescent  set.  Hence,  ^(HAM  exists  [see  2]. 

Since  1r«  ™ T is  predictable  and 
[0,T^] 


we  have 


'[0,T  = ^C0,T  ' 


(3.1) 


’^^[O.T  = ^[0,T 

. n ’ n 


Moreover , 


■ <’[0, 


Thus,  we  may  paste  together  to  define 


“^(HAM)  = litn^(1[-Q  ^ ^HAM), 


n 
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so  that  on  [O,  T^],  ^(HAM)  exists  classically  and 

It  follows  that  for  every  f in  E, 

(f,  ’^(HAM))  = ^((f,  HAM)) 

by  localizing,  applying  the  result  to  -.HAM)  which  holds 

LO.TnJ 

classically,  then  passing  to  the  limit. 

Hence,  for  every  f in  E,  we  have  outside  of  an  evanescent  set 
that,  on  ]0,  “>[, 


(f,  A(H-M)  = AH*(f,  M) 
c c 

= HA(f,  M)  - P(HA(f,  M)) 

= (f,  HAM)  - P((f,  HAM)) 

= (f,  HAM  - P(HAM))  . 

Hence,  in  the  separable  space  E,  A(H^M)  and  HAM  - ^(HAM)  are 
indistinguishable  on  ]0,  ®[,  and  the  theorem  is  proved. 

(a)  We  note  that  the  result  actually  holds  for  H in  Lq(X).  In  the 
construction  of  H-M  during  the  proof  of  Theorem  3.3,  one  may 
show  at  each  step  that  A(H*M)  = HAM  - ^(HAM)  on  ]0,  »[. 

This  property  will  still  hold  on  passing  to  limits. 
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(b)  If  H is  predictable,  then  ^(HAM)  = H^(AM)  = 0,  since 
= M_.  Thus,  we  obtain  A(H*X)  = HAX  on  [0,  ®[. 

4 THEOREM.  Let  H be  locally  bounded  and  let  K be  a 

locally  bounded,  predictable,  real- valued  process.  Then 

H*(K«X)  = HK-X  = K-(H-X). 
c c c 

Proof : We  write  X = X^  + M + A,  the  canonical  decomposition. 

Since  K is  predictable,  K*A  is  also  predictable  and  hence 
K*X  = KqXq  + K*M  + K*A  is  a special  semimartingale. 

Since  H,  K,  and  hence  HK,  are  locally  bounded,  all  the  integrals 
exist.  Then 

H-(K-X)  = Hq(KqXq)  + H-(K-M)  + H- (K-A) , 

HK-X  = (H  K )X„  + HK-M  + HK-A, 
c 0 0 0 c 

K-(H-X)  = K^(H-X^)  + K-(H-M)  + K-(H-A). 
c 0 0 0 c 

In  each  case,  the  third  summand  is  the  usual  Stieltjes  integral; 
hence,  H-(K-A)  = HK-A  = K-(H-A). 

Thus,  it  suffices  to  prove  the  result  for  M.  But  then  we  may 
apply  Corollary  3.4,  since  the  result  is  known  for  real-valued  M.  The 
details  are  as  in  Theorem  1.7. 

5 COROLLARY.  Let  X = X^  + M be  a quasl-lef t-continuous  E-valued 
local  martingale.  If  H and  K are  both  real,  locally  bounded,  optional 
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processes,  then 

H*(K*X)  = HK*X  = K»(H*X). 
c c c c c 

Proof ; As  in  Theorem  4,  the  problem  reduces  to  showing  the  result  for 
M.  But  we  may  again  apply  Corollary  3.4,  for  the  result  is  known  for 
real-valued  M. 

We  note  that,  in  general,  if  X = X^  + M + A is  a special 
semimartingale,  then  K^X  is  a semimartingale,  though  not  necessarily 
special.  Hence,  H^(K^X)  is  not  defined  in  general  which  explains  the 
restraint  on  X in  Corollary  5.  We  will  see  after  Theorem  8 why  the 
optional  integral  is  not  defined  for  a general  semimartingale. 

6 THEOREM.  Let  X=XQ+M+Abea  special  semimartingale  such  that 
M is  quasi-left-continuous. 

(a)  For  every  locally  bounded  H,  A(H*X)  = HAX. 

c 

(b)  If  H is  locally  bounded,  then  for  every  E-valued  semimartingale 
Y,  [H-X,  Y]  = H-[X,  Y]. 

Proof; 

(a)  As  in  the  proof  of  Theorem  3.  it  suffices  to  show 

A(H*M)  = HAM.  This  follows  immediately  from  Corollary  3.4, 
since  the  result  is  known  for  real-valued  M. 

(b)  We  have  noted  that  for  every  semimartingale  Y, 

[H-X,  Y]  - H-CX,  Y]  = [H-M,  Y]  - H-[M,  Y]. 
c c 
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We  decompose  Y as  Y = N + B,  where  N is  a local  martingale 
that  is  zero  at  0 and  has  bounded  jumps,  and  B is  a process  of 
finite  variation.  Then, 

[H-M,  Y]  - H-[M,  Y] 

= [H-M,  N]  - H-[M,  N]  + Z (A(H-M)  , AB  ) 

C -.css 

s^t 

- Z H (AM  , AB  ). 

S S 3 

S^t 

By  part  (a)  , 


Z (A(H-M)  , AB  ) = Z H (AM  , AB  ). 

0 3 3 ..S3  3 

S^t  sSt 

Hence,  we  must  show  that  [H-M,  N]  - H-[M,  N]  = 0. 

c 

Let  (T  ) be  a sequence  of  stopping  times  which  increase  to 
T 

infinity  such  that  N is  bounded  by  n,  for  each  n. 

T 

Then  N is  a bounded  local  martingale  and  hence  is  a true 
bounded  martingale. 

Let 


T 

= ([H-M,  N]  - H-[M,  N]) 

T T 

= [H-M,  N - H-[M,  N 

is  a local  martingale  which  is  zero  at  0,  by  Theorem  3«3» 
and  is  a continuous  process  of  finite  variation,  since  by 


part  (a) 
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T T 

ACH-M,  N "]  = (A(H-M),  AN  '^) 

C 0 


= H(AM,  AN  ) 

T 

= A(H*[M,  N '^])  . 

We  assert  must  be  identically  0.  Let  (S  ) be  a sequence  of 

m 

stopping  times  reducing  the  local  martingale  U*^.  Then 
S 

V = (U  ) is  a uniformly  integrable  martingale  which  is  also 
a continuous  process  of  finite  variation.  Then  for  every 
stopping  time  R, 


0. 


Thus,  v”  and  0 have  the  same  optional  dual  projection  [i1, 

m 2 

VI. 75].  But  since  v is  optional,  we  have  (u’^)  ™ = 0. 

Since  S increases  to  infinity,  we  have 
m 

T 

N]  - H*[M,  N])  ” = = 0,  for  each  n.  It  follows  that 

[H^M,  N]  - H*[M,  N]  = 0 and  the  theorem  is  proved. 


In  general.  Theorem  6 (b)  will  not  hold  for  arbitrary 
semimartingales;  however,  we  can  give  a slight  generalization  of 
Theorem  3.3. 


7 THEOREM.  Let  X=X^+M+Abea  special  seraimartingale  and  let  H 
be  bounded  and  optional.  Then  for  every  local  martingale  Y, 

[H^X,  Y]  - H*[X,  Y]  is  a local  martingale  which  is  zero  at  0. 
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Proof;  Once  again,  we  are  reduced  to  showing  the  result  for 

[H*M,  Y]  - H*[M,  Y].  We  may  then  assume  that  Y = 0,  for 
c 0 


[H^M,  Y]  - H-[M,  Y] 


Ch.M,  Y-Y^]  - H.[M,  Y-Y^]  . Y^)  - Y^) 


[H-M,  Y-Yq]  - H.[M,  Y-Yq]  + (0,  Yq)  - H^CO,  Y^) 


[H-M,  Y-Yq]  - H-[M,  Y-Yq]. 


We  write  Y = N + P,  where  N is  a local  martingale  with  bounded  jumps, 
P is  a local  martingale  which  is  also  a process  of  finite  variation, 
and  Nq  = 0 = P^. 

As  in  the  proof  of  6 (b),  we  let  (T^)  be  a sequence  of  stopping 

T 

times  which  increase  to  infinity  such  that  N n is  bounded  for 

T 

each  n.  We  again  have  that  ([H*M,  N]  - H*[M,  N])  is  a local 

0 

martingale  which  is  zero  at  0,  for  each  n.  Thus,  the  process 
[H^M,  N]  - H*[M,  N]  is  also  a local  martingale  which  is  zero  at  0 
[11,  VI. 30]. 

Thus,  we  have  left  to  show  the  result  for 


[H-M,  P]  - H-[M,  P]. 


Since  P is  of  finite  variation  and  P^  = 0 we  have. 


[H^M,  P]  - H-[M,  P] 


I (A(H-M)  , AP  ) - E H (AM  , AP  ) 
0<s^t  ° ® ® 0<3^t  3 3 s 
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Z AP^)  - I (P(HAM)^,  AP^)  - Z (H  AM  , AP  ) 

S3  a o 


0<s<t 


0<s^t 


Z (^(HAM)  , AP  ). 
0<s<t  ® ® 


Z (^(HAM)  , AP  ) 
OSs^t  ® ® 


We  now  decompose  M = W + Z,  where  W is  a local  martingale  with  bounded 
jumps,  Z is  a local  martingale  of  finite  variation,  and  = 0 = Z^. 
Then, 


(7.2)  E (^(HAM)„,  AP  ) = Z (^(HAW)  , AP  ) 

0<s^t  ® ^ s^t  ^ ^ 

+ Z (^(HAZ)  , AP  ). 

^ , S 3 

s^t 

Since  H is  bounded  and  AW  is  bounded  and  thin  (that  is,  AW  is  zero 
outside  of  a countable  union  of  disjoint  graphs  of  stopping  times) , 

HAW  is  bounded  and  thin.  Thus,  ^(HAW)  is  also  bounded.  Moreover, 

HAW  - ^(HAW)  is  also  thin,  by  extending  the  result  that  X - % is  thin 
for  any  real,  bounded,  optional  X [i1,  VI. 46]  to  the  separable  Hilbert 
space  E.  Hence,  ^(HAW)  must  also  be  thin. 

P is  both  a local  martingale  and  a process  of  finite  variation; 
thus,  the  predictable  stochastic  integral  ’^(HAW)*P  is  a local 
martingale,  which  is  zero  at  0,  since  P^  = 0,  and  is  also  the  usual 
Stieltjes  integral.  Then  since  ^(HAW)  is  thin,  we  have 
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^(HAW)*P  = ^(HAW)  dP 

= Z (^(HAW)  , AP  ). 

0<3^t  ® ® 

i3  a local  martingale  which  i3  zero  at  0. 

For  the  eecond  summand  in  (7.2),  we  note  that  Z is  a local 

martingale,  zero  at  0,  that  is  also  a process  of  finite  variation. 

Hence,  Z is  locally  integrable.  That  is,  the  process  |^|dZ  | is 

s 

locally  integrable.  But  then  J^|H  | |dZ  | is  locally  Integrable,  since 

S 3 

H is  bounded.  Hence,  (H*Z)^  exists  and  is  a predictable  process  of 
finite  variation  whose  Jumps  are  given  by 

A(H-Z)^  = ^(A(H-Z))  = “^(HAZ). 

Then  since  P is  a local  martingale,  we  have  by  Theorem  1.3.^  that 

Z (A(H*Z)^,  AP  ) = Z (^(HAZ)  , AP  ) 

3 3..  S 3 

S^t  S^t 

is  a local  martingale,  which  is  zero  at  0,  since  P^  = 0. 

We  now  come  to  the  relation  of  the  optional  integral  to  the 
Stieltjes  Integral.  It  is  a matter  of  determining  H*M,  where 
X = Xq  + M + A,  in  the  case  M is  also  a process  of  finite  variation, 
since  we  already  know  that  H*A  is  the  Stieltjes  integral. 

8 THEOREM.  Suppose  M is  an  E-valued  local  martingale,  zero  at  0, 
that  is  also  a process  of  finite  variation  and  appears  in  the 
canonical  decomposition  of  a special  semimartingale  X.  If  H is  in 
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Lq(X)  and  |^|Hg||dMg|  < ® a.s.  for  each  t,  then  /^|H^||dMg|  is  locally 

Integrable  and  H*M  = B - where  B = f^H  dM  . 

c t ■'  3 3 

Proof:  Let  C = ( f^H^d[M,  M]  C is  locally  integrable,  since  H 

L>  3 S 

is  in  Lq(X).  Let  = /^|Hg||dMg|.  Then 


< (jVd[M,  M] 

3 S 

Hence,  ^ D^_  + and  D is  locally  integrable,  since  C is  and  since 
D_  is  increasing  and  left  continuous,  hence  locally  integrable. 

By  Lemma  2.2,  for  every  bounded  martingale  Y 

[B  - B^,  Y]  - H-[M,  Y] 

is  a local  martingale  that  is  zero  at  0.  Hence,  H*M  = B - B^. 

c 

Theorem  8 explains  why  we  cannot  define  an  extension  of  the 
predictable  stochastic  integral  to  optional  processes  for  arbitrary 
seraimart  ingales-. 

Let  X=XQ+M+Abea  decomposition  of  the  semimartingale  X and 
let  H.be  a bounded,  optional  process.  One  would  like  to  define 

H«X  = H X + H*M  + H*A 
c 0 0 c 


and  then  show  the  independence  of  the  choice  of  decompositions  of  X. 
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However,  if  X = + N + B is  another  decomposition,  then  by  Theorem  8 

H^(M  - N)  = H-(B  - A)  - (H-(B  - A))^. 

Hence , 

(H*M  + H-A)  - (H-N  + H.B)  = -(H-(B  - A))^ 

0 c 

is  nonzero  in  general.  However,  if  H is  predictable,  then 

(H-(B  - A))P  = H-(B  - A)P  = 0, 

since  B - A is  a local  martingale  of  finite  variation  and 
thus  (B  - A)^  = 0,  and  there  is  not  a problem. 

In  the  case  of  a special  semimartingale  X,  which  has  a unique 
decomposition  X = X^  + M + A,  where  A is  a predictable  process 
of  finite  variation,  there  is  not  a problem.  We  may  separately 
define 

(iii)  H*A  = H*A  = f'^H  dA  , 

c •’  s s 

and  we  have  agreement  with  the  predictable  Integral  when  H is 
predictable.  Since  A is  predictable,  it  cannot  be  a local  martingale 
without  being  identically  0;  thus.  Theorem  8 offers  no  ambiguity. 

We  shall  conclude  this  section  with  two  convergence  theorems 
analogous  to  Theorem  1.6.  We  refer  the  reader  to  the  Appendix  for  the 
definitions  of  S^-spaces  [4,  VII. 98].  We  begin  with  a lemma. 
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9 LEMMA, 
and  let  H 


Let  M be  an  E-valued  local  martingale  which  is  zero  at  0 

be  in  L (M) . Then  |h-m|  < 3/2  ECCTH^dCM,  M] 

U 0 . - 1 s s 


Proof:  Let  (T  ) be  a sequence  of  stopping  times  which  increase  to 

n 

infinity  such  that 


T 

[M 


n 


M 


n^1/2 


= CM, 


M] 


1 /2 
T 


n 


is  integrable 


(that  is,  M is  in  H^)  and 


M 


(/  '"H^dCM,  M]  ) 

3 3 


1 /2 


is  integrable,  for  each  n. 

By  (3.12)  in  Step  2 of  the  proof  of  Theorem  3.3»  we  have  for 
2 

every  Y in  BMO  that 


T foo 

ECCH-M  ",  Y]  ] = ECTh  d[M  ",  Y]^]. 

C 00  j 3 3 


T T 

Thus,  letting  W = H*M  and  w"  = (H*M)  " = H*M  ", 
’ c c c 


ECCW,  W]^^]  = E[[W",  W"]y^] 


= |w"|  ^ 

H 


we  obtain 


1 1 6 


sup  |E[[W",  Y]^][ 

Y in  BMO^ 

|Y|  < 3 

< sup  E[f"|Hj|d[M  ",  Y]J 

Y in  BMO^ 

|Y|  < 3 

< sup  /2  |y|  E[(|"H^d[M  ",  M "] 

YinBMO^ 

|Yl  < 3 

T 

< 3/2  E[([  "H^d[M,  M] 

^ s s 

We  let  n tend  to  infinity  and  apply  the  monotone  convergence  theorem 
and  obtain 

|wl  = E[[W, 

H 

^ 3/2  E[(rH^d[M,  M] 

■'  s s 

10  THEOREM.  Let  X=XQ+M+Abea  special  semimartingale.  Let 

(H  ) be  a uniformly  bounded  sequence  of  optional  processes  which 

k 1 

converge  pointwise  to  H.  Then  (H  *X)  converges  locally  in  s to 

c 

H«X. 

c 

Proof:  We  have  h'^'X  = hJ^X„  + h'^*M  + h'^*A  and  H«X  = H„X„  + H*M 

cOOc  cOOc 

+ H»A.  The  conclusion  of  the  theorem  means  that  there  exists  a 

sequence  of  stopping  times  (T  ) which  increase  to  infinity  such  that 

n 

T T 

for  each  n,  (H^*X)  is  in  S for  each  k,  (H^X)  "l 

n n 


is  in 
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S 


1 


and 


s'  - "'(T  >0)  ■ "'(T  > 

k n ' n 


0)- 


We  note  that 


T 

(H*X)  "l,^ 
c (T  >0) 
n 


>0) 

n 

(T  >0) 
n 


+ (H*M) 
c 


+ H*M  + 
c 


+ (H*A) 
c 


H*A 

C 


T 

n 


We  have  a similar  formula  for  each  H . 

We  choose  (T  ) as  follows: 
n 

(1)  Y = Xq  + M is  a local  martingale.  We  let  (T^)  be  a sequence 

of  times  reducing  Y.  Then  Y„  is  integrable  on  (T  >0).  That 

0 n 

is,  XqI/^  is  integrable  for  each  n. 

1 /2 

(ii)  By  Theorem  II.11.5,  [M,  M]^  is  locally  integrable;  thus,  we 
may  assume 

E[[M  ",  M "]y^]  = E[[M,  Ml^^]  < "o 

n 


for  each  n. 

(iii)  A is  a predictable  process  of  finite  variation;  thus,  A is 
also  locally  integrable.  Hence,  we  may  further  assume  that 
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ECridA^:  - EtPldA  I]  < 


for  each  n. 


Now  we  fix  n and  write  T = T . We  have  that  each  H , and  hence 

n 

H,  is  bounded  by  the  same  constant  c.  Hence, 


(lo.n 

' IVo'(T>0)l,  1 * 1 * "CriH3l|dAj|] 

L n 

^ °I^o\t>0)I  1 ^ E[(/Vd[M'^,  cE[f  IdAj] 

Li 

- °I^o\t>0)I  1 ^ ^ cECfldAj] 

Li 

< ®. 

Hence,  (H*X)'^1  is  in  s\  Likewise,  (H*^*X)'^1  is  in  for 

c (T>0;  c (T>Oj 

each  K.  Since  (h"jX)L  - (H-X)L  - («“  - H).X)L,^^g,  we 

may  replace  H by  H - H in  (10.1)  and  obtain 

1‘”  K"V>"’(T>0)  - <"5>‘>’''(T>0)l3i 

S 11ih(((hJ  - H„)Xg1(^^g,l  , . 3^  E[(f(H^  - 

k Li 
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+ E[  - H I IdA'^l  ]) 

= 0, 

by  the  dominated  convergence  theorem. 

11  THEOREM.  Let  (X  ) be  a sequence  of  special  semimartingales 

converging  to  a special  semimartingale  X in  s\  If  H is  a bounded, 

k 1 

optional  process,  then  H^X  converges  to  H^X  in  S . 

k k k k 

Proof;  We  write  canonical  decompositions,  X = X^  + M + A and 

X = Xq  + M + A. 

k 1 

Since  X converges  to  X in  S , we  have 

k 1 

(i)  Xq  converges  to  X^  in  L . 

k 1 

(ii)  M converges  to  M in  H . 

(iii)  lim  E[|"|d(A‘^  - A ) | ] = 0. 

k 3 3 

Then,  choosing  c such  that  |h|  ^ c,  we  have 

■ ”c^l  1 = 1 

S S 

^ IHqCXo  - Xq)I  ^ - M)|  ^ 

L H 

+ E[/”|Hjld(A^  - Ag)|] 

< c|(Xq  - Xq)J  ^ + 3/2  E[(|Vd[M‘^-M, 


1 20 


+ cECfitKAg  - Ag)|] 

< cI(Xq  - X )||  + 3/2  cIm'"  - Mj 

L H 

* =E[|"|d(A^  - A^)|]. 

It  simply  remains  to  let  k tend  to  infinity. 

5.  Decomposition  of  Local  Martingales 
We  conclude  this  chapter  with  a section  applying  the  optional 
integral  to  the  decomposition  of  E- valued  local  martingales  (see  the 
remarks  of  II.2.9) . 

1 DEFINITION.  An  E-valued  local  martingale  X is  called  purely 

discontinuous  if  the  process  [X,  X]  is  indistinguishable  from 
2 

I I AX  I . X is  called  continuous  if  X has  continuous  paths  and 
s<t  ^ 

X„  = 0. 

0 

2 THEOREM.  If  X is  purely  discontinuous,  then  [X,  Y]  = 

L> 

Z (AX  , AY  ) , for  every  semimartingale  Y. 
s^t  ® ® 

Proof:  We  have 

[X,  Y]^  = J^d[X,  Y]g 

- /'lAX  * /’lAX  ^^3- 

s s 
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By  the  Kunita-Watanabe  inequality,  we  have  for  every  t 

'’1»X  ^ «sl 

3 ^3 


< V|4X  ^4'' 


= 0. 


By  right  continuity,  J 1 r ^ _Qid[X,  Y]^  is  indistinguishable  from 

' 3~  ‘ 

zero.  Hence, 


tx,  Y1  - /h 


t - '(AX 

3 ‘ 


However,  since  1 k ^q1  is  s thin  process,  the  integral  reduces  to  a 

^ 3*  ^ 

sum  of  jumps;  hence. 


[X,  Y]  = HI 


S^t  ^ s ‘ 


',J1ax  .o)<“3- 
S^t  ^ s ' 


I (AX  , AY  ). 
^.3  3 

S^t 


3 COROLLARY.  If  X and  Y are  purely  discontinuous,  then  so  is  X + Y. 
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Proof : We  have  for  every  t 


[X+Y,  X+Y] 


[X,  X]  + 2[X,  Y]^  + [Y,  Y]^ 
t t t 

Z IaX  1^  + 2 E (AX  , AY  ) + 
' s'  ..  3 3 


S^t 


= E 
s^t 


(AX  +AY  , 

3 3 


AX  +AY  ) 

3 3 


= E |A(X  + Y)  |2. 
S^t 

By  right  continuity,  [X+Y,  X+Y]  and  z 

3^t 


able . 


A(X  + 


are  indistinguiah- 


4 THEOREM.  Let  X be  a local  martingale  and  let  J = 1r.„  -i. 

I AX^O  j 

W = J^X  i3  a purely  diacontinuoua  local  martingale,  which  is  in  M 
if  X is  in  M^,  and  AW  = AX. 

Proof:  J is  bounded  and  optional;  hence,  J is  in  L^(X),  where 

the  special  semimartingale  X has  canonical  decomposition 

X = Xq  + (X  - Xq).  Thus,  J*X  = JqXq  + J*(X  - Xq)  is  a local 

2 2 

martingale.  If  X is  in  M , then  J is  in  L^(X)  and  J»X  is  a square 

a DC 

Integrable  martingale. 

Since  X is  a local  martingale,  ^X  exists  and  ^X  = X_;  hence, 
^(AX)  = 0.  Since  JAX  = AX,  we  have  by  Theorem  4.3  that 


AWq  = Wq  = 


= 

0 0 


J^AX„  = 
0 0 


AX 


0* 


On  ]0,  “[,  we  have 


AW  = JA(X  - Xq)  - P(JA(X  - Xq)) 


n ro 
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= JAX  - ^(JAX) 
= AX  - ’^(AX) 


= AX. 


The  last  assertion  is  then  proved. 

By  Theorem  we  have  for  every  local  martingale  Y that  the 

process  A = [W,  Y]  - J* [X , Y]  is  a local  martingale  which  is  zero  at 
0.  Taking  Y = W and  using  the  fact  that  J is  thin,  we  have  that 


= [w,  w]^  - 

E J A[X,  W] 

t 

3 3 

S^t 

= [W,  w],  - 

E J (AX  , AW 

t 

^.3  3 ; 

S^t 

= [W,  w]^  - 

E (AX  , AW  ) 

t 

3 3 

S^t 

= [W,  w]^  - 

E (AW  , AW  ) 

t 

= [W,  W]° 

3 3 

S^t 

is  a local  martingale  which  is  zero  at  0.  But  A = [W,  W]  is  also  a 
continuous,  hence  predictable,  process  of  finite  variation.  Thus, 

A = 0.  Hence, 


[W,  W]^ 


CW,  W]°  + 


E ACW,  W]^ 
s^t  ® 


= E (AW  , 
s^t  ^ 


AW  ) 
s 


and  W is  purely  discontinuous. 
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We  now  give  the  decomposition  theorem  of  local  martingales. 

5 THEOREM.  Every  local  martingale  X has  a unique  decomposition 

c d c d 

X = X + X , where  X is  a continuous  local  martingale  and  X is  a 

p n 

purely  discontinuous  local  martingale.  If  X is  in  M , then  x 

E 

and  X*^  are  also  in  M^. 

E 

Proof:  Let  J = 1r.„  We  let  x'^  = J*X  and  X°  = X - X*^. 

(AXstOf  c 

By  Theorem  4,  x^  is  purely  discontinuous  and  X°  is  continuous. 

Suppose  X = M + N is  another  decomposition  where  M is  a 

continuous  local  martingale  and  N is  purely  discontinuous.  Then 
c d 

U=X  -M=N-X  is  a local  martingale,  zero  at  0,  that  is  both 
continuous  and  purely  discontinuous.  Thus, 

[U,  U]  = E (AU  , AU  ) = 0. 

“ , S 3 

3<® 

Hence,  by  Theorem  1.3.7  and  Corollary  1.3.6,  U is  a square  integrable 
martingale  and 

E[|U^|^]  = E[[U,  U]^]  = 0. 

Hence,  = 0 a.s.  and  U is  indistinguishable  from  0.  The  uniqueness 
is  then  established. 

6 COROLLARY.  Let  X be  an  E-valued  local  martingale.  Then  for  every 
f in  E,  (f,  xf  = (f,  X°)  and  (f,  X)'^  = (f,  x'^) . 

Proof:  (f,  X)  has  a unique  decomposition  (f,  X)  = (f,  X)°  + (f,  X)*^. 

However,  (f,  x)  = (f,  X^+x'^)  = (f,  X°)  + (f,  X^). 
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(f,  is  continuous,  since  (f,  X°)  = 0 and  A(f,  X°)  = 

(f,  AX°)  = 0. 

In  order  to  show  that  (f,  X^)  is  purely  discontinuous,  it 
suffices,  in  view  of  Theorem  8 to  follow,  to  show  that  [(f,  X*^) , Y] 
is  a local  martingale,  which  is  zero  at  0,  for  every  real  continuous 
local  martingale  Y. 

If  Y is  continuous,  then  fY  is  an  E-valued  continuous  local 
martingale.  But  by  Theorem  II. 3. 9, 

C(f,  X^),  Y]  = Cx'^,  fY], 

which  is  a local  martingale  that  is  zero  at  0,  again  by  Theorem  8 to 
follow. 

7 DEFINITION.  Local  martingales  X and  Y are  called  orthogonal  if 
[X,  Y]  is  a local  martingale  which  is  zero  at  0. 

In  view  of  Theorem  II. 3. 5,  X and  Y are  orthogonal  if  and  only  if 
(X,  Y)  is  a local  martingale  which  is  zero  at  0. 

8 THEOREM.  X is  purely  discontinuous  if  and  only  if  X is  orthogonal 
to  every  continuous  local  martingale. 

Proof ; If  X is  purely  discontinuous,  then  for  every  continuous  local 
martingale  Y,  we  obtain  by  Theorem  2 

(8.1)  [X,  Y]^  = I (AX  , AY  ) = 0 

t s s 

s^t 


Hence,  [X,  Y]  is  indistinguishable  from  0. 


1 26 


c d 

Conversely,  we  decompose  X as  X = X + X , according  to  Theorem 

c c 

5.  Then  X is  orthogonal  to  X . Hence,  [X,  X ] is  a local  martingale, 
zero  at  0.  Since  X^  is  purely  discontinuous,  we  have  by  (8.1)  that 
[x"^,  X°]  = 0.  Hence 

[X,  X*^]  = [X°+X^,  X°] 

= [X°,  X°]. 

Moreover,  A[X°,  X°]  = | AX*^  j ^ = 0;  thus,  [X°,  X°]  is  a continuous, 

hence  predictable,  process  of  finite  variation  that  is  also  a local 

c c 

martingale  which  is  zero  at  0.  Hence,  [X  , X ] = 0.  Then  by  Theorem 
II.  3. 7,  X*^  is  a square  integrable  martingale  and 

E[|X°|^]  = E[[X°,  X°]  ] = 0. 

c c 

Hence,  X = 0 a.s.  and  X =0. 

00 

Thus,  X = x'^  is  purely  discontinuous. 

9 THEOREM.  Let  X and  Y be  local  martingales.  Then 

(a)  [X,  = [X'^,  y'^],  and 

(b)  [X,  Y]°  = [X°,  Y°]. 

Proof; 

(a)  By  Theorem  2,  we  have 

[X^,  Y^]  = I (AX^,  AY^) 

t ^ . s s 
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= Z (AX  , AY  ) 

..S3 


= Z A[X,  Y] 
s^t  ® 

= [X,  Y]J. 

(b)  By  (8.1),  we  have  [X*^,  Y°]  = 0 and  hence 


[X-) 

1 — 1 
o 

•a 

t 

1 — 1 
X 

[X, 

- 

X 
1 1 

[X, 

1 

1 — 1 
X 

z 

(AX  , 

ay'^) 

s^t 

s 

s 

Cx, 

Z 

(AX 

s^t 

O 

1 — 1 
X 

«t  - 

[X, 

1 — 1 
X 

We  point  out  that  this  result  gives  an  alternate  way  of  defining 
the  square  bracket  (see  the  discussion  preceding  Theorem  II. 4. 8).  If 

C 0 

X and  Y are  square  integrable  martingales,  then  so  are  X and  Y ; 

c c c c c 

hence,  <X  , Y > exists.  Since  [X  , Y ] = [X,  Y]  is  continuous,  we 

have  [X°,  Y^]  is  then  predictable  and  [X°,  Y°]  = <X°,  yS . Thus, 


[X,  Y]^  = [X,  Y]°  + [X,  Y]J 

= <X°,  Y°>^  + Z (AX  , AY  ) 

t ^ . 3 S 

s^t 
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is  an  expression  often  taken  as  the  definition  of  the  square 
bracket . 

We  conclude  by  giving  the  decomposition  of  the  optional  integral. 


10  THEOREM.  Let  X be  a local  martingale  (square  integrable 

martingale)  and  let  H be  in  L„(X)  (in  L?(X)).  Then  (H*X)°  = H*X° 

0 0 c c 

and  (H*X)^  = H^X*^. 
c c 

Proof ; We  note  that  we  may  assume  X^  = 0 since 

H*X  = H X + H* (X  - X^). 
c 0 0c  0 

Then  since 


(/Vd[X°,  X°]g  + /VdCx"^,  X^]g)  = (fHgdCX,  X]°  + fHgd[X,  X]g) 

= fn^dCx,  X]  . 


we  have  that  H is  in  Lq(X°)  and  Lq(x‘^)  (resp.  H is  in  Lg(X°)  and 
Lg(x'^). 

Moreover,  H*X  = H*  (X°  + X^)  = H*X°  + H'X'^.  We  have 

C C CO 

(H-X°)q  = HqXq  = 0 and  on  ]0,  »[ 


A(H«X°)  = HAX°  - P(HAX°)  = 0; 

G d 

hence,  H*X  is  continuous.  We  must  now  show  that  H*X  is  purely 
c c 

discontinuous . 

Let  Y be  a continuous  local  martingale,  then  Y is  locally 
bounded.  There  exists  stopping  times  (T^)  which  increase  to  infinity 
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Tn  T 

such  that  Y is  bounded  for  each  n.  Y is  then  a true  martingale 
for  each  n and  hence 


T T 

[H*X  , Y ”]  - Y 

is  a local  martingale  which  is  zero  at  0,  by  Theorem  3.3. 

T T 

However,  [x^,  Y ”]  = Z (AX^,  AY  '^)  = 0,  since  X^  is  purely 

u ^ , s s 
sSt 

discontinuous  and  Y is  continuous.  Hence,  [H*X°,  Y]  = CH*X^,  Y 

is  a local  martingale,  zero  at  0,  for  each  n.  Since  (T  ) increase  to 

n 

infinity,  [H^X  , Y]  is  also  a local  martingale,  zero  at  0.  Thus, 

H'X'^  is  orthogonal  to  every  continuous  local  martingale  and  is  purely 

discontinuous,  by  Theorem  8. 

c d 

Since  H^X  = ^ unique  decomposition,  we  have 

(H*X)°  = H*X°  and  (H*X)'^  = H'X*^. 
c c c c 


CHAPTER  IV 

THE  STOCHASTIC  INTEGRAL  OF 
AN  OPTIONAL  HILBERT  PROCESS 

In  this  chapter,  we  define  and  characterize  the  stochastic 
integral  of  an  optional  Hilbert-valued  process  H with  respect  to  a 
real  special  semimartingale  X.  As  in  Chapter  III,  this  integral  is  an 
extension  of  the  predictable  stochastic  integral.  We  again  start  by 
defining  the  integral  with  respect  to  a square  integrable  martingale 
and  then  naturally  extend  to  special  semi mart i nga 1 es . The  class  of 
optional  processes  for  which  we  make  this  extension  is  slightly 
smaller  than  the  analogous  extension  in  Chapter  III.  We  shall 
restrict  ourselves  here  to  locally  bounded  processes.  Chapter  V will 
offer  an  alternate  construction  of  this  stochastic  integral.  Unless 
otherwise  specified,  throughout  this  chapter  H will  be  E-valued  and 
optional  and  X will  be  real-valued. 

1 . The  Optional  Integral  With  Respect  to  a 
Square  Integral  Martingale 

We  begin  by  defining  an  extension  of  the  predictable  stochastic 
integral,  with  respect  to  a square  integrable  martingale,  X,  to 
optional  processes. 

2 

1 DEFINITION.  Let  Uq(X)  be  the  space  of  optional  E-valued  processes 


H such  that 


131 


iHlx  = (ECTlHj^dEX.  X]^])''/2  < «. 

Since  <X,  X>  - [X,  X]^,  if  follows  that  if  H is  predictable,  then 

H is  in  L^(X). 

P 

2 

2 THEOREM.  Let  H be  in  Lq(X).  There  exists  a unique  E-valued  square 

integrable  martingale  H^X,  called  the  optional  (or  compensated) 

stochastic  integral  of  H with  respect  to  X,  such  that  for  every  Y in 

00 

L^(P,  F,  P,  R) 

E[(H-X)  Y ] = E[f”H  d[X,  Y]  ], 

where  Y is  a cadlag  version  of  the  real  square  integrable  martingale 

E(Y  |F  ). 

00  ' t 


Proof:  Let  (e  ) be  an  orthonormal  basis  of  E.  Then 

n 


(2.1) 


E(H 


e )e 
n n 


and  by  Parseval's  inequality  we  have  for  every  n 
(2.2)  |(Hg,  e^)|^  < E|(Hg,  e.)|^  = |hJ^. 

Hence,  H^  = (H,  e^)  is  a real,  optional  process  and 

E[/”(H")^d[X,  X]^]  < «. 
s s 

Hence,  the  classical  exists  [4,  VIII. 32],  and  for  every  Y^ 

2 

in  L (n,  F,  P,  R)  we  have 


(2.3) 


E[(h".X)  Y ] = E[/Vd[X,  Y]  1. 

C 00  <»  •'3  3 
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Let  = h'^‘X.  We  would  like  to  define  H*X  by  H*X  = E w"^e  : 
G c on’ 

n 

however,  we  must  first  verify  that  the  sum  converges,  which  is 

equivalent  to  showing  that  z (W^)^  < ®. 

n 

For  every  stopping  time  T, 


(2.i0 


E[Z  (w!J)^]  = Z E[(w!J)^] 
n n 


= Z E[[w", 
n 


< Z E[[W",  w"]  ] 


^ Z E[j"(H")^d[X,  X]^] 
n ® ^ 

= E[|”  Z (Hg)^d[X,  X]g] 
= ECflH J^d[X,  X]  1 


< ®. 


y.  O 

Thus,  outside  of  an  evanescent  set,  Z (W  ) is  finite  and  we  may 

n 

define  W = Z W*^e  . In  particular,  W = Z W*^e  is  defined  outside  of 
n n 

a null  set  and  is  square  integrable,  by  (2.4),  since 

2 n 2 

Iw  I = Z |w  I . Furthermore,  (W  , e ) = for  all  n. 
n 

Let  H^X  be  a cadlag  version  of  the  square  integrable  martingale 

E(W  |fJ. 

00  I t 
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Let  be  in  L (f2,  F,  P,  R).  By  the  Kunita-Watanabe  inequality 
and  Holder's  Inequality, 


(2.5) 


E[riHj|<iCX,  Y]j:  S |H|xlX,l 

Li 


hence,  E[f  H d[X,  Y]  ] is  a well-defined  element  in  E.  We  then  have 

'ft  ft 


E[/”h  d[X,  Y]  ] = E (E[/”h  dCX,  Y]  1,  e ) 


s’  n n 


Z ECj”(Hg,  e^)d[X,  Y]^]e 


s n 


E E[w”y  ]e 

flO  00  I') 

n 


= E E[(W  , e )Y  ]e 
00  n " n 
n 


E E[(W  Y , e )]e 
00  00  ’ n n 
n 


E (E[W  Y ],  e )e 
00  CO  n n 
n 


= E[W  Y ] 


= E[(H.X)  Y^]. 
0 00  00 


If  U is  another  square  integrable  martingale  satisfying  the 

2 

theorem,  then  for  every  Y^  in  l (q,  F,  P,  R), 

E[U  Y ] = E[(H*X)  Y ]. 

00  CO  0 CO  00 

Hence,  for  every  Y^  in  L^(q,  F,  P,  E) , write 


13^ 


Y = Z y'^e 


where  Y*^  = (Y  , e ) is  in  F,  P,  R)  for  each  n,  since 

00  f ' * 

l»„.  ®„)|^  S J l»..  - |Yj^ 

Write  U = Z (U  , e )e  = Z u"e  . Then, 

” ” n n n 

n n 


(Uc^,  Y^)  = (U^,  Z y"e^)  = Z (U  y",  e ). 
00  00  00  n 

n n 


and  we  have  pointwise  that 


lim  Z (U  y",  e ) = (U  , Y ). 

00  fl  00  00 

k n=1 


However,  the  limit  holds  in  by  dominated  convergence,  since  for 
every  k 


I ^ wy.  %)|  S £ |(U.y",  e )| 

n=1  n=1  " 


2 e^)Y"| 

n=1 


= z 1u"||y''' 

n=1 


n=1  n=1 


|U  l|Yj  e 
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Likewise,  we  have  in  L 


1 


that 


Hence , 


= lira  E ((H^X)„y",  e^) 
k n=1 


ECm  , Y^)]  = 


lira  E[  E (U  y",  e )] 
k n=1  ” " 


= lira  E (E[U  Y^],  e ) 
, , “ n 

k n=1 


= lira  E (E[(H-X)  y”^],  e^) 
k n=1  ° " 


= lira  E[  E ((H*X)  y'^,  e )] 
, , G “>  n 

k n=1 


E[((H-X)  , Y )], 

Q 00  00 


Which  gives  us  U = (H*X)  a.s.,  and  then  that  U and  H*X  are 

00  Q 00  0 

indistinguishable . 

We  point  out  that  the  theorem  may  be  worded  to  say 

E[(H^X)^Y^]  = E[|  H^d[X,  Ylg]»  for  every  real  square  integrable 

2 2 

martingale  Y,  since  L and  M are  isometrically  isomorphic. 

The  result  of  Theorem  2 merits  further  examination  for  its  gives 

2 

an  example  of  a compact  integral  operator  from  L (n,  F,  P,  R)  into  E. 
Let  T(Y  ) = E[f“H  d[X,  Y]  ],  for  every  Y in  L^(n,  F,  P,  R). 

<»  *'  3 3 ® 
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T Is  clearly  linear  and,  by  (2.5), 

|T«„)|  S ECflHjIdCX,  Y]J] 

5 IWlyl^J  2’ 

L 

2 

hence,  T is  a bounded,  linear  operator  from  L (n,  F,  P,  R)  into  E. 

In  Theorem  3.1.2,  we  defined  an  analogous  bounded,  linear 
2 

operator  J from  l (Q,  F,  P,  E)  into  R given  by  the  same  expression: 

J(Y  ) = E[|"h  d[X,  Y]  , 

where  in  this  case,  H is  real-valued  and  X is  E-valued. 

We  know  J has  an  integral  representation  since  the  dual 
of  F,  P,  E)  is  again  L^(J2,  F,  P,  E). 

There  is  not,  however,  an  analogous  statement  for  the  E-valued 
operator  T,  based  only  on  the  fact  that  T is  bounded  and  linear.  We 
need  a stronger  condition  which  we  now  state.  Let 

(2.6)  M|t||L  = 3UP(  Z |a  TO  )|), 

^ i=1  " ^i 

n 

where  the  suprenum  is  taken  over  all  functions  f = Z a,1„  , where 

1-1  ‘ h 

(Ej^)  are  mutually  pairwise  disjoint,  E^  is  in  F for  i = 1,...,n,  and 

|f|  2 ^ 1. 

L 

(2.7)  There  exists  W in  L^(fJ,  F,  P,  E)  such  that  E[Y  W ] = T(Y  ), 

00  00  00  00 

for  every  Y^  in  L^(Q,  F,  P,  R),  if  and  only  if  | | |t| | 

In  this  case,  = 111^1112- 
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Verifying  directly  that  MItIII^  < ” is  certainly  a nontrivial, 
if  at  all  possible,  task;  however,  in  Theorem  2,  we  have  explicitly 
produced  = (H^X)^  which  satisfies  (2.7).  Hence,  < ®. 

Moreover,  since  E has  the  Radon-Nikodym  property,  T is  compact. 

These  results  may  be  found  in  Diestel  and  Uhl  [5,  p.  110],  who 
give  the  theory  in  general  for  Banach  valued  operators  on  L^. 
Definition  (2.6)  is  due  to  Dinculeanu  whose  monograph  [6]  was  the 
first  to  contain  a comprehensive  study  of  the  theory  of  vector 
measures . 

3 COROLLARY.  Let  H be  in  Lq(X).  For  every  f in  E, 

(f,  H-X)  = (f,H)-X. 
c c 

Proof:  Let  W = H*X.  We  note  that 

c 

(E[f|(f,  Hg)|^d[X,  X]g])^^^  < |f||H|^  < ». 

2 

Hence,  (f,  H)  is  in  L„(X)  (classically)  and  (f,  H)*X  exists.  Denote 

u c 

U = (f,  H)*X. 

2 

Then  for  every  in  L (0,  F,  P,  R) 

E[(f,  W^)Y_^]  = E[(f,  W Y )] 

00  00  CO  00 

= (f,  E[w  Y ]) 

CO  00 

= (f,  E[/"h  dCX,  Y]^]) 

= E[|"(f,  H )d[X,  Y]^] 

o 3 
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= E[[U,  Y]  ] 
00 


= E[U  Y ], 


Hence, 


U = E((f,  W )|FJ 
= (f,  E(W  |FJ) 

00  ' t 

= (f,  W). 

4 THEOREM.  Let  H be  in  L^(X)  and  let  W = H*X. 

0 c 

(a)  If  H is  predictable,  then  W = H*X. 

(b)  E[[W,  W]^]  < E[/”|H^|^d[X,  X]  ]. 

3 S 

(c)  For  every  real  square  integrable  martingale  Y,  the  process 
A = YW  - H*[X,  Y]  is  an  E-valued  uniformly  integrable 
martingale  which  is  zero  at  0. 

(d)  Wq  = HqXq;  aw  = HAX  - "^(nAX)  on  ]0,  »[ . 

T T 

(e)  W = H^X  = H1j-q  <p-]qX  foi"  every  stopping  time  T. 

Proof: 

(a)  Let  f be  in  E.  Then  since  the  result  is  known  for  real-valued 


(f,  W)  = (f,  H)-X  = (f,  H)-X  = (f,  H-X), 


H,  we  have 
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outside  of  an  evanescent  set.  Letting  f range  through  a 
countable  norming  set,  we  obtain  that  W and  H*X  are 
indistinguishable. 

(b)  We  use  the  notations  of  Theorem  2.  Let  (e  ) be  an  orthonormal 

n 

basis  of  E.  Let  = (H,  By  Corollary  3,  we  have 

(W,  e ) = (H,  e )-X  = h"*X.  Let  w’’  = (W,  e ). 
n ’ n c c ’ n 

Then  W = Z W%  and  |w|^  = Z lw^|^.  Hence,  by  (2.4) 
n n 

E[[W,  W]^]  = EClW  1^] 

■ E[£ 
n 

^ E[|"1h  |^d[X,  X]  1. 

3 3 

(c)  Let  Y be  a real  square  integrable  martingale.  For  every 

T 2 

stopping  time  T,  Y is  also  in  M ; hence,  by  Theorem  2, 

E[W  Y_]  = E[W^Y^] 

00  I 00  00 

= E[/"Hgd[X,  Y^]g] 

= E[/"Hgd[X,  Y]g] 

= E[fHgd[X,  Y]g]. 

E[Wy]  = E[E(W^Y^|F^)] 


On  the  other  hand , 
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= E[E(w  If  )Y„] 
” T T 


= E[W^Y^]. 
T T 


Hence,  for  every  stopping  time  T, 

ECW  Y_  - d[X,  Y]  ] = 0 
T T 3 3 


and  thus  A = WY  - H*[X,  Y]  is  a uniformly  integrable 
martingale.  To  show  it  is  zero  at  0,  it  suffices  to  show 

“o  ■ "o’‘o-  *0  ■ Vo  ■ “oVo- 


(d)  As  in  Theorem  III.  1.4  (d) , we  may  prove  this  result  weakly. 

Let  f be  in  E;  then  almost  surely  (f,  W.)  = (f,  H*X)  = 

0 c 0 

((f,  H).X)„  . (f,  H„)X^  . (f,  H^X„). 

Hence,  = H^X^  a.s.  in  the  separable  Hilbert  space  E. 
For  every  predictable  T, 

= E[|H^||AX^|] 

= E[(  I |H^|^d[X,  X] 

CT]  ® ® 

^ (E[  j |H  |^d[X, 

[T]  ® ® 

^ |H|x- 


Thus,  outside  of  an  evanescent  set,  ^|hax|  < » and  then 
^(HAX)  exists  by  Brooks  and  Dinculeanu  [2]. 


U1 


Then,  outside  of  an  evanescent  set,  we  have  for  f in  E 
that,  on  ]0,  “[, 

(f,  AW)  = A(f,  W) 

= A((f,  H)-X) 
c 

= (f,  H)AX  - P((f,  H)AX) 

= (f,  HAX)  - P((f,  HAX)) 

= (f,  HAX)  - (f,  ^(HAX)) 

= (f , HAX  - ^(HAX))  . 

Hence,  AW  and  HAX  - ^(HAX)  are  indistinguishable  on  ]0,  “[. 
(e)  We  first  note  that  for  every  stopping  time  T, 

ECflHgl^dCX^,  x'^lg]  = E[/"|Hj^d[X,  X]J] 

= E[f  iHj^dCX,  X]g] 

< E[f|Hj^d[X,  X3g] 

and 

^^s^  = ECf  |Hj2d[x.  x]^] 

^ ECj”|Hj^d[X,  X]g] 

so  H*x"^  and  HK^  exist, 

c [0,T]c 
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Then  for  every  f in  E,  up  to  indistinguishability , 


(f,  H-X') 
c 


(f,  H)-X' 
c 


and 


= ((f,  H)-X) 


((f,  H^X))' 


= (f.  (H-X)  ) 


(f,  H*X^)  = (f,  H)-X^ 

G C 


">’[o.T:ax 


Hence,  H'x"^,  (H^X)^,  and  Hlj-^  are  all  indistinguishable. 

This  result  may  also  be  proved  in  a direct  manner  as  in 
Theorem  III.1 .4  (e). 


5 THEOREM. 

(a)  If  H is  ih  both  Lq(X)  and  L^CZ),  then  H is  in  Lq(X+Z)  and 

H* (X+Z)  = H*X  + H*Z. 
c c c 


(b)  If  H and  K are  in  L^CX),  then  H + K is  in  L^CX)  and 

(H+K)*X  = H*X  + K*X. 
c c c 


Proof: 


(a)  The  same  argument  as  Theorem  I I I. 1.5  (a)  shows 

|h|x^Z  “ ^ hence  that  H is  in  Lq(X+Z). 

Replacing  inner  products  by  products  in  the  same  proof,  we  have 

H*(X+Z)  = H*X  + H«X. 
c c c 

(b)  As  in  Theorem  III.  1.5  (b),  there  exists  a real  P-measure  m such 
that  for  every  real  measurable  process  Y, 

(5.1)  Jy^d  = E[fVd[X,  X]  ]. 

•'  m ■'  s s 

2 

In  particular,  for  H in  L^CX) 

JlHj^dm  = E[f  iHj^dCX,  X]g] 

2 2 + + 
and  Lq(X)  is  a subset  of  L (R  xp,  B(R  )xF,  m,  E).  Again  by 

Minkowski's  inequality 

|H  + K|x  ^ lH|x  + lK|x 
and  H + K is  in  Lq(X) . 

The  linearity  follows  as  in  Theorem  III. 1.5  (b),  by 
replacing  inner  products  by  products. 

The  following  theorem  is  analogous  to  Theorem  III. 1.6  with  an 
identical  proof,  which  we  thus  omit. 


6 THEOREM. 

k 2 

(a)  Let  (H  ) be  a sequence  of  processes  in  Lq(X)  which  are 

uniformly  bounded  in  norm  by  a process  L in  Lq(X).  If 


I4i» 


2 k 

converges  pointwise  to  H,  then  H is  in  L„(X)  and  H *X 

0 c 

2 

converges  in  to  H*X. 

E c 

(b)  Let  H be  a bounded,  optional,  E-valued  process.  If  (x'^)  is  a 

sequence  of  real  square  integrable  martingales  converging  to  X 

in  M^,  then  H«x”  converges  to  H*X  in  m5. 

c c E 

7 THEOREM. 

2 

(a)  Let  H be  in  Lq(X).  If  K is  a real-valued,  predictable  process 

in  both  L^(X)  and  L^(H-X)  and  E[/°°|H  |^[k  |^d[X,  X]  ] < ®, 

P pc  S3  S 

then  H*(K*X)  = HK*X  = K*(H*X). 
c c c 

(b)  The  same  result  is  true  if  we  take  H to  be  real-valued  and  K to 
be  E-valued. 

Proof:  By  hypothesis,  K*X  and  K*(H*X)  exist.  In  case  (a)  and  (b),  we 

may  apply  Theorem  II. 4. 7 and  obtain 

ECflHj^dCK-X,  K-X]g]  = E[J“1hJ2|kJ2^[X,  X]^]  < ». 

Hence,  H«(K*X)  and  HK*X  exist, 
c c 

(a)  We  know  the  result  for  real  H [4,  VIII. 33].  Let  f be  in  E. 

Then  outside  of  an  evanescent  set 

(f,  H-(K-X))  = (f,  H)*(K*X) 
c c 

= (f,  H)K*X 
c 

= (f,  HK)*X 
c 
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and 


= (f,  HK*X) 
c 


(f,  HK*X) 
c 


(f,  HK)*X 
c 


(f,  H)K*X 
c 


K-((f,  H)-X) 
c 


K*(f,  H*X) 
c 


(f,  K-(H-X)) 
c 


by  II. 2. 6 (b) 


Hence,  H*(K*X),  HK*X  and  K*(H*X)  are  all  indistinguishable  in 
c c c 


The  proof  of  (b)  is  similar  (or  see  Theorem  4.4). 

We  close  the  section  with  one  last  application  of  Corollary  3. 


8 THEOREM.  Let  H be  in  L„(X)  and  W = H*X.  If  X is  quasi-left- 

0 c 

continuous , then 


(a)  AW  = HAX. 


(b)  Theorem  7 remains  valid  for  optional  K,  with  the  added 

hypothesis  in  7 (b)  that  H is  in  L^(H*X). 

0 c 


Proof: 


(a)  Let  f be  in  E.  The  result  is  known  for  real  H;  hence,  outside 


of  an  evanescent  set 


Hence,  AW  = HAX. 


(b)  We  must  first  verify  that  the  integrals  in  7 are  still  defined 

for  optional  K,  with  the  hypotheses  obviously  changed  to  read 

"K  is  in  L^(X)  and  L^(H*X)." 

U 0 c 

In  the  case  of  7 (a),  we  may  apply  Theorem  III. 1.9  (b) 
twice  to  obtain 

[K-X,  K-X]  = K^-[X,  X]. 
o c 

Hence , 

EtriHj^dKjX,  K.x]^]  . E[r|Hj^|Kj^d[X,  X]^3 

and  then  H is  in  Lq(K*X)  and  HK  is  in  Lq(X). 

In  the  case  of  7 (b) , we  have  H*(K*X)  exists,  by  the  added 

c c 

hypothesis.  Applying  Theorem  III.  1.9  (b)  twice,  we  obtain 

[H-X,  H^X]  = H^-[X,  X], 

giving 

ECflKj^dCHjX.  HjX]^]  . E[J*|Kj^|Hj^d[X,  X]^]. 

2 

Hence,  K is  in  L„(H*X)  (which  is  no  longer  needed  as  a 
0 c 

2 

hypothesis)  and  HK  is  in  L^CX). 

Having  all  the  integrals  existing,  we  may  apply  Corollary  3 as  in 
Theorem  7 to  obtain  the  result. 


2.  Relation  to  the  Stleltjea  Integral 


In  this  section,  we  obtain  results  analogous  to  those  in  Section 
III. 2 for  when  X is  a square  integrable  martingale  that  is  also  a 
process  of  finite  variation.  Before  doing  so  however,  we  give  some 
results  regarding  products  of  the  form  MA,  where  M is  real- valued  and 
A is  E-valued.  These  properties  will  replace  previous  properties  of 
the  square  bracket,  which  is  not  at  our  disposal  for  products  of  the 
above  kind. 

1 THEOREM.  Let  M be  a real  local  martingale  which  is  zero  at  0 and 
let  A be  an  E-valued  predictable  process  of  finite  variation.  Then, 

(a)  MA  - J^M  _dA  is  a local  martingale  which  is  zero  at  0; 

S”*  3 

(b)  MA  - J^'M  dA  is  a local  martingale  which  is  zero  at  0,  even 

S 3 

without  A being  predictable. 

Proof:  The  proof  is  identical  to  the  case  when  A is  real-valued  C^l, 

VII. 35]. 

2 COROLLARY.  Let  M be  a real  local  martingale  which  is  zero  at  0 and 

let  A be  an  E-valued  predictable  process  of  finite  variation.  Then 

the  process  J^AM  dA  = I AM  AA  is  a local  martingale  which  is  zero 
s s s s 

s^t 

at  0. 

Proof:  Since  AM  is  a thin  process,  that  is  it  is  zero  outside  of  a 


countable  union  of  disjoint  graphs  of  stopping  times,  the  process 
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/^AM  dA  reduces  to  the  sum  E AM  AA  ; hence,  the  equality  holds  in 

S S 3 S 

s^t 

the  statement.  The  result  follows  by  subtracting  the  process  in  1 (b) 
from  that  in  1 (a). 


3 COROLLARY.  Let  M be  a real  local  martingale  which  is  zero  at  0 

and  let  N be  an  E-valued  local  martingale  which  is  also  a process  of 

finite  variation.  Then  the  process  MN  - E AM  AN  is  also  a local 

sSt 

martingale  which  is  zero  at  0. 


Proof;  By  Theorem  1 (b),  we  have 

(3.1 ) MN  - pM  dN 

^ s s 

is  a local  martingale  which  is  zero  at  0. 

Since  M_  is  predictable  and  locally  bounded  and  N is  of  finite 
variation,  the  predictable  stochastic  integral  M *N  is  given  by 

(3.2)  pM  dN 

•'  s-  s 


which  is  also  a local  martingale,  since  N is,  and  is  zero  at  0,  again 
since  N is.  Adding  (3.1)  and  (3.2),  we  obtain  that 


MN 


- I^AM  dN  = 

J <5 


MN 


E 

S^t 


AM  AN 
s s 


is  a local  martingale  which  is  zero  at  0. 

The  following  result  is  proven  exactly  as  its  analog  Lemma 
III.2.1 . 

4 LEMMA.  Let  H be  in  L^(X).  Then  h*X  = H* (X  - X„)  + H„X„. 

•J  c c 0 0 0 
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5 LEMMA.  Let  X be  a real  local  martingale  which  is  zero  at  0 and  let 

H be  an  E-valued  optional  process.  If  X is  also  a process  of  finite 

variation  and  if  the  process  J^[h  | |dX  | is  locally  integrable,  then, 

s s 

letting  A = dX  and  N.  = A,  - A^,  we  have  for  every  real  local 
t •'  3 3 t t t 

martingale  Y that  the  process  NY  - d[X,  Y]  is  a local  martingale 

s s 

which  is  zero  at  0. 

Proof:  As  in  Theorem  III. 2. 2,  the  process  J^|h  | |d[X,  Y]  ] is  finite 

s s 

outside  of  an  evanescent  set  and  hence  the  process  d[X,  Y]  is 

•'  s 3 

defined . 

Now  since  X is  of  finite  variation  and  A = N + A^,  we  have 


fH  dCX,  Y]^ 

•'  3 3 


X H AX  AY 


s^t 


3 3 


3 


= X AA  AY 

-.3  3 

S^t 


= X AN  AY  + 
s s 

s^t 


X AA^AY 
3 

S^t 


s' 


Then , 


NY  - d[X,  Y]^ 

3 3 


(NY  - X AN  AY  ) - 

..S3 

S^t 


X AA^AY  . 
..S3 

s;St 


The  result  follows  by  applying  Corollary  3 to  the  first  term  on  the 
right  and  Corollary  2 to  the  second  term. 
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6 THEOREM.  Let  H be  in  Oq(X)  where  X is  also  a process  of  finite 

variation.  If  the  process  J^|h  | |dX  | is  finite  outside  of  an 

evanescent  set,  then  this  process  is  in  fact  locally  integrable  and 

H'X  = A - + H^X_,  where  A,.  = dX  . 

c 0 0 t ■’  s s 

Proof ; We  refer  to  the  proof  of  the  analogous  result  in  Theorem 
III. 2. 3 and  note  that  we  may  again  reduce  to  the  case  where  X^  = 0 
and  then  that  |^|H  | |dX  | is  locally  integrable. 

Now  let  A,  = f^H  dX  and  N.  = A,  - A^.  As  in  III. 2. 3,  we  have 
t ■'  s 3 t t t 

that 

E[[N,  N]^]  < 4E[/“|Hg|^d[X,  X]g]  < » 

and  thus  that  N is  a square  integrable  martingale. 

Then  for  every  real  square  integrable  martingale  Y,  the  process 

M = NY  - d[X,  Y]  is  a local  martingale  which  is  zero  at  0,  by 
s s 

Lemma  5. 

Let  (T^)  be  a sequence  of  stopping  times  reducing  M.  Since  N and 

Y are  square  integrable  martingales,  we  have  that  N_  converges  to  N 

1 ® 
n 

2 2 
in  L (E)  and  Y converges  to  Y in  L (R),  as  n tends  to  infinity. 

1 ® 
n 

Hence,  N_  Y_  converges  to  N Y in  L^(E).  Moreover, 

I i 00  00 

n n 

n 
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< E[(f  iHj^dCX,  ^^^d[Y, 


By  dominated  convergence,  we  have  that  E[f“l-,^  ,d[Y,  Y]  ] converges 

Jin’”-'  ® 


to  0,  as  n tends  to  infinity;  hence,  / d[X,  Y]  converges  to 

s s 

/“h  d[X,  Y]  in  L^(E). 

^ S 3 

T 

Since  m is  a uniformly  integrable  martingle  which  is  zero  at  0 

for  each  n,  we  have  E[M^  ] = 0.  That  is, 

n 


E[N^  Y^  ] = E[/  d[X,  Y]  ]. 
n n 


Letting  n tend  to  infinity,  we  have  that 

ECN^YJ  = ECfH^dCX,  Y]g]. 

By  Theorem  1.2,  we  have  N = H*X. 

c 

By  reducing  to  the  case  where  X^  = 0,  we  were  actually  working 
with  X - X^.  We  conclude  as  in  Theorem  III. 2.3:  If  X is  not  zero  at 

0,  we  obtain  H*X  = dX  - (J*H^dX^)^  + H-X_. 

^ So  *SS  vJU 


3.  The  Optional  Integral  With  Respect 
to  a Special  Semimartingale 

We  now  extend  the  notion  of  the  optional  integral  to  integrate  an 
E-valued  optional  process  with  respect  to  a real  special 
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semimartingale.  The  techniques  in  Chapter  III  will  not  apply  in  this 
setting;  thus,  we  must  restrict  ourselves  to  locally  bounded  optional 
processes.  In  this  respect,  this  extension  is  much  like  the 
predictable  stochastic  integral  in  that  we  shall  construct  the  process 
by  pasting  and  then  piecing  together  its  different  parts.  As  in 
Chapter  III,  the  essential  problem  is  to  define  the  integral  with 
respect  to  a local  martingale. 

1 THEOREM.  Let  X be  a special  semi mart  ingale  having  canonical 

decomposition  X = + M + A,  where  M is  a local  martingale,  A is  a 

predictable  process  of  finite  variation,  and  = 0 = A . Let  H be  a 

0 0 

locally  bounded  optional  process.  There  exists  a unique  E-valued 

semi mart ingale  Z having  decomposition  X = H^X^  + W + H*A  such  that  for 

every  real  bounded  martingale  Y,  the  process  YW  - H*[M,  Y]  is  an  E- 

valued  local  martingale  which  is  zero  at  0. 

Z is  called  the  optional  (or  compensated)  stochastic  integral  of 

H with  respect  to  X and  we  denote  W = H*M  and  Z = H*X.  Moreover,  if  H 

c c 

is  predictable,  then  H«X  = H*X. 

c 

Proof:  We  begin  with  uniqueness.  Suppose  W and  V are  two  local 

martingales  which  are  zero  at  0 such  that  for  every  real  bounded 
martingale  Y,  YW  - H*[M,  Y]  and  YV  - H*[M,  Y]  are  local  martingales 
which  are  zero  at  0.  Then,  writing  U = W - V,  we  have  YU  is  a local 
martingale  that  is  zero  at  0.  We  assert  U = 0. 

Let  be  e sequence  of  stopping  times  reducing  both  U and 

YU.  Then  for  every  stopping  time  S, 
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(1.1) 

"“s.T  "S.T  ^ ° 

n n 

Next  note  that  for  every  n, 


(1.2) 

ECYgU^  ] = E[E(YgU^  |F  )] 
n n n 

= E[E(YglF^  )U^  ] 
n ^n 

= E[Y^  , U,  ] 

S.sT  T 
n n 

n n 

- "“s.T  I"s” 

n n 

; = E[Y  U ] 

S.T  S.T 
n n 

= 0. 

In  particular,  if  we  fix  m,  then  for  all  n > m, 


(1.3) 

E[Y^  ] = 0. 

m n 

However,  for  n ^ rn,  since  T ^ T , 

n m’ 

] ■ E[Y.E(U  |f  )] 
ra  n m 

= E[E(yJf^  )U^  ] 
m n 
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= E[Y^  ] 
T T 
m n 


= 0. 


Thus,  since  Y is  arbitrary,  we  have  that  E[Y  U_  ] = 0,  for  every 

00  T 

ra 

bounded  random  variable  Y . In  particular 

00 

(1.4)  |U^  dP  = /igU^  dP  = 0 

B m m 

for  every  set  B in  . Thus,  for  every  f in  E, 

m 

/(f,  U )dP  = (f,  |u  dP)  = 0, 

B m B m 

for  every  B in  . Hence,  (f,  ) = 0 a.s.  for  every  f in  E.  Since 

m m 

E is  separable,  we  obtain  that  = 0 a.s.,  by  letting  f range 

m 

through  a countable  norming  set. 

Tm 

Then,  U = E(U^  |F^)  is  indistinguishable  from  0.  That  is, 
m 

U = 0 on  [0,  T ].  Letting  m tend  to  infinity,  we  have  U = 0,  and  the 
m 

uniqueness  is  proved. 

A consequence  of  the  uniqueness  is  the  following: 

(1.5)  Suppose  M is  a local  martingale  which  is  zero  at  0 and  T is  a 

stopping  time.  If  we  can  define  W = H*M  and  then 

c c 

T T 

■W  = H*M  . 
c 

To  prove  this  result,  we  first  note  that  for  every  bounded  real 


martingale  Y, 
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Y(H*m'^)  - Y] 

is  a local  martingale  which  is  zero  at  0,  and  this  property  uniquely 
T 

characterizes  H*M  . 

c 

We  assert  that  for  every  bounded  martingale  Y, 

Yw’’^  - Y] 


is  also  a local  martingale,  zero  at  0. 

We  do  know  that  YW  - H*[M,  Y]  is  a local  martingale  which  is  zero 
at  0;  thus,  we  let  (T^)  be  a sequence  of  stopping  times  reducing  both 
W and  YW  - H*[M,  Y]. 

We  claim  that  (T  ) also  reduces  YW^  - Y]. 

n L.  f j 

T T ^^"^n 

We  have  that  B = Y "w  - J H d[M,  Y]  is  a uniformly 

3 3 

integrable  martingale,  zero  at  0.  Hence,  for  every  stopping  time  S, 
E[b"]  = 0;  moreover,  e[b"  _]  = 0.  That  is, 

(1-6)  ~ J"  ^^3^  = 0- 

n n 

T 

However,  since  W is  also  a uniformly  integrable  martingale, 

Wg^T^T  integrable  and  then  so  is  Y^  ^ ^ Wg  ^ ^ , since  Y is 

bounded.  Thus,  (1.6)  becomes 

S<.T..T 

n 

E[Y_  „ „ W_  _ _ ] - E[  / H d[M,  Y]  ] = 0. 
n n 


(1.7) 
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However , 


n n n n 

■ “S.T.T 

n n 

'^S^T^T 
n n 


Thus,  for  every  stopping  time  S, 


q T 

T T^T  " n 


E[Y ,V  " - I H Y]  1 


S^T^T 


'^S.T.T 
n n 


/ H d[M,  Y]  ] 

•'  Q Q 


= 0. 


T T^T  T 

That  is,  Y - (H*[M  , Y])  is  a uniformly  integrable 

martingale.  Hence,  T^  reduces  yw^  - H*[M^,  Y]. 

T T T 

Hence,  (H*M)  = W = H*M  . A second  consequence  of  the 

c c 


uniqueness  is  the  following: 


(1.8)  Suppose  M and  N are  local  martingales,  zero  at  0,  and 


H*M  and  H*N  are  defined,  then  H*(M+N)  = H*M  + H*N. 
c c c c c 


For  if  Y is  real  bounded  martingale,  then 


Y(H*M  + H*N)  - H*[M+N,  Y] 


Y(H-M)  - H-[M,  Y]  + Y(H-N)  - H-[N,  Y] 

G C 
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is  a local  martingale  which  is  zero  at  0.  We  now  construct  H*M 

c 

for  bounded  H. 

We  write  M = N + B,  where  N is  a local  martingale  with  bounded 

jumps,  B is  a local  martingale  of  finite  variation,  and  = 0 = B^. 

We  let  (T^)  be  a sequence  of  stopping  times  which  increase  to 
T 

infinity  such  that  N is  a square  Integrable  martingale  for  each  n. 

2 T T 

Since  H is  bounded,  H is  in  L^(N  ”)  and  H*N  ^ exists,  as  defined  in 

c T T 

Theorem  1.2.  However,  by  Theorem  1.4  (c),  Y(H*N  - H*[N  Y] 

is  a uniformly  integrable  martingale,  zero  at  0,  for  every  bounded 

T 

martingale  Y;  hence,  H^N  is  unambiguously  and  uniquely  defined  and 

T T 

if  H is  predictable,  then  h*N  " = H*N  Moreover,  by  (1.5) 


T T T 

(H*N  " = H*N  " 

c c 


and  we  may  define  H*N  = lim  H*N  by  pasting  together,  so  that 

c c 

T T ” 

(H*N)  = H*N  . We  must  show  H*N  satisfies  the  theorem, 

c c c 

T 

Let  Y be  a bounded  martingale.  Then  Y is  still  a bounded 
martingale;  hence. 


T T T T 

Y "(H*N  ”)  - H-[N  ",  Y "] 


is  a uniformly  integrable  martingale,  zero  at  0.  However, 


158 


T T T T T T T 

Y "(H-N  - H-[N  Y "]  = Y “^(H-N)  " - H*[N,  Y]  ‘ 

c c 


= Y 


(H-N) 

c 


- (H.[N,  Y]) 


T 

n 


Thus,  Y(H*N)  - H*[N,  Y]  is  a local  martingale,  reduced  by  (T  ), 
c n 

and  H*N  satisfies  the  theorem, 
c 

Moreover,  if  H is  predictable,  H^N  = H*N  by  Theorem  II. 2. 3. 

(1.9)  Since  B is  a local  martingale,  zero  at  0,  and  is  also  of  finite 

variation,  B is  locally  integrable  (and  B^  = 0).  That  is, 

J''|dBg|  is  locally  integrable.  As  H is  bounded,  J''|Hg||dBg| 

is  locally  integrable.  We  let  C = dB  . By  Lemma  2.5, 

c s s 

H*B  is  defined  and  H«B  = C - C^.  Moreover,  if  H is 
c c 

predictable,  = H*B^=  0;  hence,  H*B  = C = H*B. 

c 

Thus,  by  (1.8),  H*M  = H*N  + H*B  is  also  defined  and  H*M  = H*M  if 
coo  0 

H is  predictable. 

Before  we  extend  to  locally  bounded  H,  we  consider  the  following 
additional  consequence  of  the  uniqueness. 


(1.10)  Suppose  M is  a local  martingale,  zero  at  0,  T is  a 

T 

stopping  time,  and  H*M  and  HI,.-  _,-M  are  defined.  Then 

c L0,TJc 

"a""  ■ "'[o.T:a«- 

This  result  is  immediate  since  for  every  bounded 
martingale  Y, 


Y(H.m'^)  - H1j-q^^^.[M,  Y]  = Y(H.m’^)  - H.[M,  Y]^ 


is  a local  martingale,  zero  at  0. 

Now  suppose  H is  locally  bounded.  There  exists  stopping  times  (T  ) 

n 

which  increase  to  infinity  such  that  HI,  is  bounded. 

J ^ » T J 

n n 

Hence,  w = ]q  x exists,  for  any  local  martingale  M which 

is  zero  at  0.  But  since  = 0,  we  have  for  every  bounded  martingale 

Y that  [M,  Y]  = 0 and  hence  that  HI,  *[M,  Y]  = HI,  .[M,  Y]. 

Thus,  Yw”^  - H1|-q  .j,  j*[M,  Y]  is  a local  martingale  which  is  zero  at 

0.  In  other  words 


Then  applying  (1.5)  and  (1.10),  we  have 


n 


= HV^  ^ .M. 

[0,T^]c 


We  may  then  define  H*M  = lim  HI,  .,«M,  by  pasting,  so  that 

° n LU.i^Jc 


’ n 


We  conclude  by  showing  that  H*M  satisfies  the  theorem.  For  every 

c 

bounded  martingale  Y, 
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T T T T 

(Y(H^M)  - H-[M,  Y])  " = Y " - HI  ^ ^-[M,  Y]  " 

= -«V0.T 

n n 

is  a local  martingale,  zero  at  0;  hence,  Y(H*M)  - H*[M,  Y]  is  also, 

c 

since  (T^)  increase  to  infinity.  Moreover,  if  H is  predictable,  then 
H1|-o,t  ] ^130  predictable;  hence,  H1|-q  ^ = H1|-q  ^ ^‘M,  for  each 

n.  Finally,  H^M  = H*M  by  pasting. 

We  note  that  lines  (1.5),  (1.8),  (1.9),  and  (1.10)  in  the  proof 
are  actually  theorems  in  their  own  right.  We  shall  state  these 
results  explicitly  for  a semimartingale  in  the  next  section. 

2 COROLLARY.  Let  X=X^+M+Abea  special  semimartingale  and  let 

H be  locally  bounded.  Then  for  every  f in  E,  (f,  H*X)  = (f,  H)*X. 

c c 

Proof:  Clearly,  (f,  H*A)  = (f,  H)*A.  Let  Y be  a real,  bounded 

martingale.  Then  Y(H^M)  - H*[M,  Y]  is  a local  martingale,  zero  at 
0.  But  then 

Y(f,  H-M)  - (f,  H)-[M,  Y]  = (f,  Y(H-M)  - H-[M,  Y]) 

is  a real  local  martingale,  zero  at  0.  Hence,  (f,  H*M)  = (f,  H) 

c c 

and  it  immediately  follows  that  (f,  H*X)  = (f,  H)*X. 

G C 

Properties  of  the  Optional  Integral 
We  conclude  this  chapter  with  some  properties  of  the  optional 
Integral.  These  properties  will  be  easily  proved,  in  view  of 
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Corollary  3.2  and  the  details  in  the  proof  of  Theorem  3.1.  Throughout 
this  section,  H is  a locally  bounded,  optional,  E-valued  process  and  X 
is  a special  semimartingale  with  canonical  decomposition 
X = Xq  + M + A. 

1 THEOREM. 

(a)  If  Z is  another  special  semimartingale,  then 

H« (X+Z)  = H*X  + H‘Z. 
c c c 

(b)  If  K is  another  locally  bounded,  optional,  E-valued  process, 
then  (H+K)*X  = H*X  + K»X. 


(a)  Write  Z = Z^  + N + B,  the  canonical  decomposition  of  Z.  Then 
X + Z = (Xq  + Zq)  + (M  + N)  + (a  B)  . Obviously, 

H*(A  + B)  = H*A  + H*B,  and  by  line  (1.8)  in  the  proof  of 

Theorem  3.1,  we  have  H* (M  + N)  = H«M  + H*N.  Thus,  (a)  follows, 

c c c 

(b)  Again  it  is  clear  that  (H  + K)*A  = H*A  + K*A.  Since  for  every 
bounded  martingale  Y, 

Y(H*M  + K^M)  - (H  + K)  • [M,  Y] 

= Y(H*M)  - H*[M,  Y]  + Y(K^M)  - K-[M,  Y] 

is  a local  martingale,  zero  at  0,  we  have 
H*M  + K*M  = (H  + K)*M,  and  (b)  follows. 
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2 THEOREM.  For  every  stopping  time  T,  (H*X)^  = H*X  = HI  r -,‘X. 

c c L 0 > *1* 

Proof;  This  result  follows  immediately  from  lines  (1.5)  and  (1.10)  of 

Theorem  3.1  and  from  the  fact  that  (H*A)^  = H*A^  = HI  p -.•A. 

L 0 » T J 

3 THEOREM.  (H*X)  = H X and  A(H*X)  = HAM  - ^(HAM)  + HAA  on 

c u u u c 

]0,  «[. 

Proof:  The  first  assertion  is  obvious.  Since  A(H*A)  = HAA,  we  need 
only  verify  that  A(H*M)  = HAM  - ^(HAM)  on  ]0,  «[,  The  result  is 
known  for  real-valued  processes;  thus,  we  may  apply  Corollary  3*2, 
provided  ^(HAM)  exists. 

Since  H is  locally  bounded,  the  process  (/*'|H  |^d[M,  M]  )^^^ 

s s 

is  locally  integrable  (see  the  analogous  argument  in  remark  (b)  after 
Definition  III. 3. 2);  hence,  as  in  Theorem  111.^1.3,  ^(HAM)  exists. 

Then  for  every  f in  E,  we  have  on  ]0,  »[ 

(f,  HAM  - ^(HAM))  = (f,  H)AM  - ^((f,  H)AM) 

= A(f,  H)*M 
c 

= (f,  A(H*M)). 

Hence,  HAM  - ^(HAM)  and  A(H^M)  remain  indistinguishable  on  ]0,  “>[  in 
the  separable  space  E. 

4 THEOREM. 

(a)  If  K is  a real,  predictable,  locally  bounded  process,  then 

H*(K*X)  = HK*X  = K-(H*X). 
c c c 
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(b)  If  H is  a real,  locally  bounded,  optional  process  and  K is  an 

E-valued,  locally  bounded,  predictable  process,  then 

H-(K-X)  = HK-X  = K-(H-X). 
c c c 

Proof; 

(a)  The  proof  is  identical  to  Theorem  1.7. 

(b)  Using  Corollaries  III. 3. 4 and  3.2,  for  every  f in  E we  have 

(f,  H*(K*X))  = H*(f,  K«X) 
c c 

= H.((f,  K)-X) 
c 

= H(f,  K)^X 

= (f,  HK)*X 
c 

= (f,  HK*X) 
c 

and 

(f,  H*(K*X))  = H(f,  K)-X 
c c 

= (f,  K)  . (H‘K) 

= (f,  K-(H^X)). 

Hence,  H*(K*X),  HK»X,  and  K*(H*X)  are  all  indistinguishable  in  E. 

We  remark  that  as  in  Theorem  III. 4. 6,  if  X is  quasi-left- 

continuous,  then  Theorem  3 becomes  A(H*X)  = HAX.  If  X = X + M is 

c 0 

quasi-left-continuous,  then  Theorem  4 holds  for  optional  K,  as  in 
Corollary  III. 4. 5. 


5 THEOREM.  Suppose  M is  a real  local  martingale,  zero  at  0,  that  is 

also  a process  of  finite  variation.  Then  for  every  locally  bounded, 

optional,  E-valued  process  H,  J'"|h  | |dM  | is  locally  integrable  and 

s s 

H«M  = C - C^,  where  C.  = dM  . 
c t ■'  s s 

Proof : The  process  J^|dM^|  is  locally  integrable,  since  any  local 
martingale  of  finite  variation  is  locally  integrable.  Since  H is 
locally  bounded,  |^|H  | |dM  | remains  locally  integrable.  The  theorem 
then  follows  from  Lemma  2.5. 

6 COROLLARY.  Let  M and  H be  as  in  Theorem  5.  Then 

lH.M|  ^ < 2ECnHj|dMj]. 

H 

Proof.  Since  H^M  is  a local  martingale  that  is  also  of  finite 
variation,  by  Theorem  II. 5. 2, 

|H^Ml  ^ < E[|"|d(H^M)J) 

H 

< ECfldCj]  + EC|”|dcPl] 

where  C = dM  , as  in  Theorem  5.  Thus,  it  suffices  to  show 

•'S3 

E[r|dcP|]  < E[f|dCj],  since  f [dCj  = f [HjIdMj. 

Since  stopping  and  compensation  commute,  we  may  localize  and 
assume  that  C is  of  integrable  variation.  Consider  then  the  E-valued 
P-measure  m,  determined  by  C,  defined  on  the  predictable  a-algebra 

m(K)  = ECTk  dC  ], 

for  every  real,  bounded,  predictable  K.  Then  |m|  (K)  = ECf°°K  |dC  | ]. 

3 3 
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Let  Qg  be  a predictable  density  given  by 


Q 


3 


dm 
d |ra  I 


Then,  |q^|  = 1,  |m|-almost  everywhere. 

Let  D be  the  predictable  dual  projection  of  J^|dC^|.  Then  for 
every  bounded,  measurable  K, 

= ECpK^QjdCj] 

= E[P(KgQg)|dCj] 

= ECTk  Q dD  ]. 

^ 3 3 3 

Thus,  = J^Q  dD  . Moreover,  since  D is  Increasing 

S S 

E[r|dcP|]  = ECriQjdDg] 

= ECflQglldCgl] 

= E[f  IdCj], 

and  the  result  is  proved. 

We  note  that  the  proof  actually  contains  a separate  theorem. 

Namely,  E[J”|dC^|]  = E[|"ldC  I],  for  any  locally  integrable  process  C. 
s s 

We  conclude  this  section  and  chapter  with  a convergence  theorem 


and  the  decomposition  theorem  for  the  optional  integral. 
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6 THEOREM.  Let  (H*^)  be  a sequence  of  optional  E-valued  processes 

converging  pointwise  to  H,  and  assume  that  (H*^)  are  uniformly  bounded 

in  norm  by  a locally  bounded  process  K.  Then  (H*^*X)  converges  locally 

in  to  H*X. 

c 

Proof : We  have  X = X^  + M + A,  the  canonical  decomposition.  We 
decompose  M = N + B,  where  N is  a locally  square  integrable  local 
martingale,  B is  a local  martingale  of  finite  variation,  and 

^0  = ° = ®o- 

We  choose  stopping  times  (T^)  which  increase  to  infinity  such 
that  for  each  n 
T 

(i)  N is  a square  integrable  martingale. 


(ii)  K1-  ^ is  bounded, 

ju, r^J 

T 

(lil)  I I |dB  I is  integrable, 
s s 

T 

(iv)  J ’^|Kg||dAg|  is  integrable,  and 


(v)  KqXqI , ^ . is  integrable. 

B is  locally  integrable,  being  a local  martingale  of  finite  variation, 
and  A is  locally  integrable , being  a predictable  process  of  finite 
variation;  hence,  /^|Kg||dBg|  and  J*'|Kg||dAg|  remain  locally 
integra-ble,  since  K is  locally  bounded.  In  other  words,  conditions 

(iii)  and  (iv)  may  be  satisfied.  As  for  condition  (v), 

Y = + M)  is  still  a local  martingale;  so  choosing  T^  which 
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reduces  Y,  we  have  ^ . is  integrable.  Hence,  condition  (v)  may 

n 

be  satisfied. 

We  now  fix  n and  denote  T = T . 

n 

By  the  same  argument  as  in  line  (1.11)  of  the  proof  of  Theorem 
3.1,  we  have 


with  the  first  equality  coming  from  Theorem  2. 


But  HI 


]0  T]  bounded  by  K1 which  is  simply  bounded.  Thus, 


Let  W = (H-N)'^  = HI^q 


(6.1)  SW|  ^ < |W| 


H 


= |w| 


M 


= (E[[W,  W]  ]) 


1/2 


< ®. 


The  expression  is  finite  since  HI  is  bounded  and  n'^  is  a square 

integrable  martingale.  The  preceding  inequality  is  Theorem  1.4  (b). 
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By  Corollary  5,  we  have 


(6.2) 


|(HjB)  I - |HjB  I 
n n 


< 2ECf  |Hj|dBj] 
= 2E[f  iHjldBj] 


S 2E[f  |Kj|dBj] 


Since , 


c (T>0) 


< 


W(T>0)  * 


Vo'(T>o)  ’ 


we  have 


|(H-X)"l„,0)l  1 

o 

^ iW(T>o)i,  I * 1 * «riH3ii<n 

L H 

s lVo’(T>o)i,i  • I'";"’"!  1 • 

L H H 

+ ECf  |Kj|dAj] 


< 
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Thus,  is  in  s\  Likewise,  cp>o) 

for  each  k. 

Then  letting  = H - H*^,  we  have 


l<«iX)"'(T>0)  - <"V>"'(T>0)l  . 

o 


- l"-V)"'(T>0)l3l 


i‘-oV(T>o)l,  1 * 1 * K‘-V>‘i , 

Li  H H 


k „.T, 


" E[p|L^||dAj] 


^^0^0^(T>0)II,  1 l^sl  ^]0,T]‘^*-^  ’ ^ ^s^^ 


T T,  ,J/2 


" 2E[f  iL^lldBj]  + 2E[f  iL^lldAj]. 


S'  ‘ S' 


Letting  k tend  to  infinity,  we  have  by  dominated  convergence  that 

k T T 1 

(H  *X)  converges  to  (H^X)  1 S , and  the  theorem  is 

proved . 

7 THEOREM.  Let  X be  a local  martingale  and  let  H be  locally 

bounded.  Then  (H*X)°  = H*X°  and  (H*X)‘^  = H'X'^.  The  same  result  holds 
c c c c 

if  X is  in  and  H is  in  L^CX). 

Proof;  Once  again  we  apply  Corollary  3.2.  However,  we  first  note 
that  Theorem  III. 5. 10  proves  the  result  for  H real  and  X E- valued  and 
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in  particular  for  H and  X both  real.  Also  applying  Corollary  111.5.6, 
we  have  for  every  f in  E, 

(f,  H-X°)  = (f,  H)*X° 

= ((f,  H).X)"^ 
c 

= ((f,  H^x))° 

= (f.  (H^X)°). 

Hence,  H^X°  and  (H^X)°  are  indistinguishable  in  E.  Similarly, 

H-X*^  = (H-X)*^. 
c c 


CHAPTER  V 

THE  OPTIONAL  STOCHASTIC  INTEGRAL 
IN  HILBERT  SPACE 

In  this  chapter,  we  develop  the  stochastic  integral  of  an 

optional  Hilbert-valued  process  with  respect  to  a Hilbert-valued 

special  semimartingale.  This  integral  will  be  defined  for  all  locally- 

bounded  processes  and  will  again  be  an  extension  of  the  predictable 

stochastic  integral.  We  shall  begin  by  defining  the  integral  of  a 

bounded  process  with  respect  to  a square  Integrable  martingale.  The 

construction  in  this  case  may  also  be  applied  to  the  optional 

integrals  defined  in  Sections  III.1  and  IV. 1 and,  in  particular,  to 

the  classical  optional  integral  for  real  processes  defined  in 

Dellacherie  and  Meyer  [4].  Besides  offering  a unified  approach  in  all 

settings  for  locally  bounded  processes,  this  construction  more 

importantly  gives  a more  natural  definition  of  the  optional 

integral.  Specifically,  we  approximate,  in  some  sense,  an  optional 

process  H by  a predictable  process  H^  and  obtain  H*X  = H^*X  + L, 

c 

where  L is  a local  martingale  obtained  by  properly  "integrating" 

H - h\  Unless  otherwise  specified,  H and  X will  be  E-valued 
throughout  the  chapter . 

1 . The  Optional  Integral  With  Respect  to  a 
Square  Integrable  Martingale 

We  define  in  this  section  the  optional  integral  of  an  E-valued 
optional  process  H with  respect  to  an  E-valued  square  integrable 
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martingale  X.  The  approach  will  be  slightly  different  than  for  the 
integrals  defined  in  Sections  III.1  and  IV. 1.  In  these  previous 
sections,  we  defined  the  integral  in  terms  of  a characterizing 
property  which  also  established  its  uniqueness.  The  integral  here 
will  first  be  defined  as  a sum  of  a predictable  stochastic  integral 
and  a square  integrable  martingale.  Its  uniqueness  will  be 
established  by  showing  the  independence  of  the  choice  of  such  a 
representation.  We  shall  then  give  a characterizing  property  which 
alternately  establishes  uniqueness. 


1 LEMMA.  Let  H be  a bounded,  optional  process.  There  exists  a 
predictable  process  such  that  a.s.  and  H - is  thin. 
Moreover,  may  be  taken  to  have  the  same  bound  as  H. 


Proof ; Since  H is  bounded,  exists  [see  2].  Then  for  every 
predictable  time  T, 


= E(H^1,^,_jF^  ) a.s. 


T (T<») 


T (T<») ' T-' 


Taking  T = 0 and  recalling  that  Fq_  = F^,  we  have  a.s.  For 


0’ 


0 


0 


every  f in  E we  have  (f,  %)  = ^(f,  H).  Then  by  Dellacherie  and  Meyer 
[i|,  VI. 46],  the  set  {(f,  H)  - ^(f,  H)  o}  is  a countable  union  of 
graphs  of  stopping  times.  Then  the  set  {h  - o}  is  contained  in  a 


countable  union  of  graphs  of  stopping  times,  for  if  we  let  (f  ) be  a 

n 


countable  norraing  set  of  E,  then 
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{h  - % ^ 0}  c U{(f  , H-%)  * 0} 
n ^ 


= U{(f^,  H)  - P(f^,  H)  ^ O}. 


By  Dellacherie  and  Meyer  [3,  IV. 87  (a)],  {h  - ‘°H  ^ o}  is  the  countable 
union  of  disjoint  graphs  of  stopping  times,  and  H - % is  thin. 
Moreover,  if  |h|  ^ k,  then  for  every  predictable  time  T, 


(T<») 


] ^ k 


and  % is  bounded  by  k by  the 


cross-section  theorem. 


(a)  We  point  out  that  the  result  remains  valid  for  H taking  values 
in  any  separable  Banach  space. 

(b)  We  also  note  that  if  H is  bounded  by  k and  L is  any  predictable 
process  such  that  H - L is  thin,  then  we  may  let 

" ^O^CO]  ^^{|L|^k}^]0  »[*  bounded  by  k,  is 

still  predictable,  and  H - is  still  thin. 


2 LEMMA.  Let  X be  a semimartingale  and  let  K be  an  E-valued, 

predictable,  thin,  bounded  process  such  that  E |(K  , AX  )|  < « for 

s^t  ® ^ 


every  t.  Then  K*X 


E (K 
s^t 


s’ 


AX  ). 
s 


Proof ; The  set  {k  * o}  is  the  countable  union  of  disjoint  graphs, 

[T  ],  of  a sequence  of  predictable  stopping  times  (T  ). 
n n 
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Let  = I K Ip  Then  for  every  t, 

n<j  n ^ n-* 


(kJ  - X)^  . Z (K,  1 . X)^ 

n<j  n n 


■ '■'t  • > 


■ ^,'^T  - ''>'t  >’(T  St) 

n^j  n n n 


Hence , 


lim(K'^.X)  = I (K_ 
j n=1  * 


= E (K 
s^t 


AX  ) . 
3 


On  the  other  hand,  (K*^)  are  uniformly  bounded  and 


00 

lim  K-^  = E 1^^  ^ = K; 

J n=1  n n"^ 

hence,  for  every  t,  (K'^*X)^  converges  in  probability  to 

(K*X)^,  as  j tends  to  infinity  (Theorem  II. 2. 8).  Hence, 

(K*X)^  = E (K  , AX  ) a.s.  for  each  t.  By  right  continuity, 
s^t 

the  processes  are  indistinguishable. 

We  remark  that  we  may  take  one  or  both  of  K and  X to  be  real- 


valued and  Lemma  2 remains  valid. 
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3 THEOREM.  Let  B be  an  E-valued  process  of  Integrable  variation  such 
that  E[[B,  B]^]  < “ and  B - B^  is  a square  integrable  martingale. 

Then  for  every  E-valued  square  integrable  martingale  Y, 


E[(Y  , B -B^)] 

00  ' CO  00 


E[  / AY  dB  ]. 

]0,»]  ® ® 


Proof:  Since  Y and  B - B^  are  in  M?.  Ef fY  . B -B^ll  = 

■“  2 CO  ’ OO  00 

E[[Y,  B-B^]  ] exists  and  is  finite. 

00 

By  the  Kunita-Watanabe  inequality  followed  by  Holder's 
Inequality,  we  have 


ECr|d[Y,  B]g[]  ^ (ECCY,  Y]^])^^^(E[[B. 


Thus,  [Y,  B]  is  integrable.  Since,  [y,  B-B^]  is  also  integrable,  we 

have  that  [Y,  B^]  is  integrable.  Then 
00 

(3.1)  E[[Y,  B]^]  = E[  E (AYg,  ABg)] 

3<“ 

= E[/”aY  dB  ]. 

Since  E[[Y,  B-B^]_^]  = E[[Y,  B]^]  - E[[Y,  B^]^],  it  suffices  to 
show  that  E[[Y,  b'^]^]  = E[(Yq,  B^)].  By  Theorem  II. l}. 4,  we  have 
E[[B*^,  B^]^]  ^ E[[B,  B]^]  < ®;  thus,  as  in  (3.1). 

(3.2)  E[/”|d[Y,  bP] J]  < ®. 

s 

By  Theorem  11.3.4,  [Y,  B^]  is  a local  martingale.  However,  for  every 


stopping  time  T, 
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S r|d». 

hence,  the  set  {[Y,  ^ stopping  time}  is  uniformly 
integrable.  [Y,  is  then  a local  martingale  of  class  D and  is, 
therefore,  a true  uniformly  integrable  martingale.  Thus, 


E[[Y,  B^]^]  = E[[Y,  B*'^]q] 


E[(Yq.  b-)] 


= E[(Yq,  Bq)], 


and 


E[(Y  B -Bf)]  = E[[Y,  B-bP]  ] 


- - E[a„.  B„): 

= E[  f AY  dB  ]. 

- - 3 S 


]0,”] 


^ THEOREM.  Let  X be  a square  integrable  martingale,  let  H be  bounded 

and  optional,  and  let  be  bounded  and  predictable  such  that  h1  = H 

0 0 

and  H - is  thin.  For  each  n,  we  set 


E (H  -H 

3<t  ® 


AX  )1 

® {|AX^ 


Then  for  each  n 

(a)  B^  is  locally  integrable,  and 


(b)  b"  - (b'^)^  is  a square  integrable  martingale. 
Moreover,  the  sequence  (b”  - (b")^)  is  Cauchy  in  M^. 
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Proof:  We  first  note  that  since  X is  cadlag,  it  has  only  a finite 

number  of  jumps  of  magnitude  greater  than  1/n  on  each  finite  interval 
[0,  t].  Hence,  b”  is  a well-defined  process  of  finite  variation. 
Moreover,  since  = H^,  we  have 


B 


n 

t 


E (H  -h\  AX  )1 

o<s^t  ® ® ® (|ax  I > -} 

' s'  n' 


We  may  then  assume  X^  = 0.  For  if  we  replace  X by  x - Xq,  B*^  is 
unchanged  since  AX  = A(X  - X^)  on  ]0,  <>»]. 

We  may  further  assume  that  H and  are  bounded  by  the  same 
constant  k.  Set 


Then 


I 

s^t 


(H  -H  , 
s s’ 


^ 2kcJ; 


thus,  it  suffices  to  show  is  locally  integrable.  However, 


C 


n 

t 


S c"_  + (A[X, 
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^ c"_  + [X, 

Thus,  c'^  is  locally  integrable,  since  [X,  is  locally  integrable 

by  Theorem  II.  H.  5 and  C*^_  is  locally  integrable,  since  it  is  increas- 
ing and  left  continuous.  Hence,  is  locally  integrable  for  each  n. 
By  Corollary  II. H. 2 and  Theorem  II. 3. 2,  we  have 


[b"-(b")P,  b'^-(b")P]  < 2[[b”,  b"] 


= 2[[b",  b""] 


^ [-(b")P,  -(b")P]  ] 

00 

+ [(b'')'',  (b")P]  ]. 

CO 


Then,  by  Theorem  II.H.il, 


e[[b"-(b")P,  b"-(b‘^)P]  ] ^ iie[[b”,  b"^]  ] 

00  00 

(4.1)  = HE[  I |ab"|^] 

S<“  ^ 

= 4E[  z |(h  -h^,  ax  ) 1^1  ] 

S<»  ® ® ® |ax  I > - 

' ' s'  n^ 

^ l6k^E[  Z I AX  1^] 
s<®  ^ 

= l6k^E[  Z A[X,  X]  ] 

S<“  ^ 

< l6k^E[[X,  X]  ] 

00 


< ®. 

Thus,  by  Theorem  II.  3. 7,  B*^  - (B*^)^  is  a square  integrable  martingale 

for  each  n.  We  next  note  that  Z A[X,  X]  is  in  l\  since 

^ 3 

S<“ 
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E[  E A[X,  X]  ] < E[[X,  X]  ] < 

3<»  ® 


Thus,  E A[X,  X]  < “ for  a.e.  w.  Hence,  the  sum 

S<«> 


E A[X,  X]  1 


3<»  M|axJ>^} 


converges  uniformly  in  n for  a.e.  w. 


s ' n' 

By  the  Moore  Lemma,  we  have  a.s, 


lim  E A[X,  X]  1 


E lim  A[X,  X]  1 


n s<«  ® {|axJ  > ^}  3<«o  n ’ MIaxJ  > 1} 


s'  n 


“"•’‘ViMxJ  >ol 


S<“> 


= E A[X,  X]  . 
, s 

3<'o 


By  monotone  convergence,  the  limit  holds  in  l\ 

We  set  = B*^  - (B*^)^.  We  have,  for  n > m,  that 
y”  - y'”  = (b"^  - b"')  - (B^  - B™)^;  hence,  as  in  (4.1), 


e[[y"-y™,  y"-y“]^]  ^ 4E[[b"-b'",  b'^-B®]  ] 


4E[  e |a(b"  - b'")|^] 
s<<»  ® ® 


= 4E[  E |(H  -h^,  ax Jl^l  ] 

® ® ^ p > AX  I > 

^ m ' Q I n ^ 


3<“ 


^ 16k  E[  E A[X,  X]  1 , 

3<»  M-  Max  I > -} 

‘m  I 3I  n' 


S'  n' 
] 
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= l6k^E[  E A[X,  X]  1 

, 3 


3<“ 


3<® 


E A[X,  X]  1 

. 3 


(I  AX  I > -} 


]. 


Hence,  (Y*^)  i3  Cauchy  in  3ince 


and 


m,n  3<® 


lim[E[  E A[X,  X]  1 

. 3 


{ |AX  I > -}  3< 


E A[X,  X]  1 

. 3 


] = 0 


00 


Once  again,  we  point  out  that  the  preceding  theorem  remaine  true 
if  we  take  one  or  both  of  H and  X to  be  real- valued.  One  3imply 
replacea  inner  products  by  products  in  the  proof. 

We  now  come  to  the  definition  of  the  optional  stochastic 
integral . 

5 DEFINITION.  Let  H be  a bounded  optional  process  and  let  X be  a 
square  integrable  martingale.  Let  be  any  bounded  predictable 
process  such  that  and  H - is  thin.  We  set 

= E (H  -h\  ax  )1  We  define  the  optional  (or 


compensated)  stochastic  integral  of  H with  respect  to  X to  be  the 


3 3 


s 


process  H-X  = H^*X  + Z,  where  Z = - lim(B"  - (b")^) 


n 
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We  note  that  Z exists  and  is  a square  integrable  martingale  by 

Theorem  i|.  Since  is  bounded,  is  in  L^(X)  and  *X  is  also  a 

P 

square  integrable  martingale. 

6 THEOREM.  H^X  is  a well-defined  square  integrable  martingale, 

Independent  of  the  choice  of  in  its  definition.  Moreover,  if  H is 

predictable,  then  H*X  = H*X. 

0 

Proof:  The  last  assertion  is  obvious  for  if  H*X  is  well-defined  and  H 

c 

is  predictable,  then  we  may  take  = H and  obtain  H*X  = *X  = H*X. 

c 

Let 


Then 


a"  = E AX  1 

3^t  ® { I AX  1 > -} 

^ ' s'  n' 


c?  - fl^al  ■ £ |4X  h . 

" Sit  = (|4Xj>ll 


As  in  the  proof  of  Theorem  4,  we  have 


cj  - cj  ^ cj.  * [X.  - IXoh 

(|4X„|  > 


""1  • """l, ... I,  i| 


c"_  + CX,  X]^^^  - [X,  X]q^^  + |X„h 


11  • 


By  Theorem  II. 4. 5,  [X,  - [X,  Xl^^^  is  locally  integrable  (here 
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we  are  not  assuming  = 0).  c"_  is  still  locally  integrable,  as  in 

Theorem  and  |Xq|  is  integrable  since  X is  a martingale.  Thus, 

n n 

- Cq  is  locally  integrable  which  means  that  A is  locally 

integrable. 

Let 

(6.1)  u"  . a"  - (a")”  . X.l 

° (1‘Xol  >sl 


We  claim  that  U = 1 , • X.  Since 

{|AX|  >1}  ° 


E[[a‘^-(a")P,  a"-(a")P]  ] < 4E[[a"^,  a"^]  ] 


= 4E[  e Iaa‘^1^] 
. ' s' 
s<» 


= HEI  E |AX  |"1  ] 

3<«  {|ax  I > -} 

s'  n‘ 


^ i1E[  E A[X,  X]  ] 
^ 3 

S<“ 


^ 4E[[X,  X]  ] 


We  have  A - (A  )^,  and  hence  U*^,  is  a square  integrable  martingale. 
Applying  Theorem  3,  we  have  for  every  Y in 

• eC(y„,  u^)] 

= E[(Y^,  XI  )]  + EC(Y^,  a"-(a")P)] 

° |AXJ  >1}  “ " 

' O'  n' 
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V,,  , 1,>|Fo”  * f 

IliXjjl  > 1}  “ ]0,.] 


E[(Y„,  X I , )]  * E[  Z (4Y  , 4A  )] 

0 “(|AX„|>ll  0<s<-  = = 


= EC  Z (AY  , AX  )1 


s<®  ® ® { Iax  I > -} 

^ ' s'  n' 


]. 


On  the  other  hand,  AX  is  thin,  thus  so  is  1 ; hence, 

t|iX|  > i) 

E:/"'  , <JtX,  Y]  ] . EC  I 1 , 4[X,  Y]  : 

{|4X  I > 1)  = 3<-  1|4X  I > 1}  ^ 

's'  n ‘'s'  n^ 


E[  Z (AY  , AX  )1 


s<»  ® ® { Iax  I > -} 

M Q I n J 


]. 


Hence,  E[(Y  , u")]  = E[ f”l  , d[X,  Y]  ] for  every  Y in  M 

" " {|AXJ>1} 


and  U = 1 • X,  by  Theorem  III. 1.2.  By  Theorem  III. 1.6, 

1|4X|  >1|  ' 

u"  oonverges  to  1l|jx|>o|  J X - x“  In 

Now  suppose  and  are  bounded,  predictable,  with 
Hq  = Hq  = Kq,  such  that  H - and  H - are  thin.  We  may  also 
assume  that  H,  h\  and  are  all  bounded  by  the  same  constant  k. 
Note  then  that  is  bounded,  thin,  and  predictable. 

Let 


bI"  • I (H.-h',  4X  )1  , 

‘ sst  ^ = llAX^Ixll 


and 


m ro 
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C 


n 

t 


Z 

3^t 


(H  -K  , 

3 3 


AX  )1 

® {lAXgl  > 


Then  - c"}  = X (K^-h\  AX  ) 1 .We  mu3t  3how  that 

‘ ‘ ast  ^ = = 1|4XJ  >1} 

h'-X  + - llin(B"  - (b")’’)  . k'-X  ♦ - llm(c"  - (c")’’)' 

n n 

or  equivalently  that 

(K^  - h’)*X  = - lira(D"  - (d")P). 

n 

Conaider  (k^  - where  ia  defined  above  in  line  (6.1).  We 

have  for  each  t 


Z I(kV,  au^)|  ^ 2k  e Iau^I 


s^t 


3^t 


^ 2kj'^|du"| 


< 


since  u is  a process  of  finite  variation.  Then,  by  Lemma  2 and  the 
fact  that  Kq  - Hq  = 0,  we  have 


(K^-H^  )-u" 


3^t 


E AU") 

0<3^t  ® ® ® 


f (K^  - )du" 

]0,t]  333 


= 1 

■ (K^  - 

H^)dA-'^ 

- J (K^  • 

- H^d(A") 

]0, 

t]  ^ 

3 S 

]0,t]  ® 

3 

= j 

(K^  - 

)dA" 

- ( 1 (K^ 

- H')dA") 

]0, 

t]  " 

S 3 

]o,.] 

3 3 

= z 

(K^-Hg, 

aa’^)  - 

( z (K^-h\ 

aa"))P 

sSt 

3 

. 3 3 

3^* 

3 t 

C 

Q 

II 

- (d")P, 

Since  converges  to  in  Nlf,  we  have,  by  Theorems  II.  2.1  and 

E 

II . 2. 2 (a) , that 

|(k’  - )-u"  - (K^  - H^-X^l 

^ (ECpCK^  - H^^d[u'^-X^,  u”-X^] 

S3  3 

^ 2k  |U"  - X*^! 

Hence,  taking  the  limit  as  n tends  to  infinity  in  (6.2),  we  have 

(6.3)  (K^  - H^-X^  = - lim  d"  - (d")^. 

n 

Finally,  we  have  that  for  each  t 

Z |(kW,  AX°)|  = 0; 
s^t  ® ® ® 


hence,  by  Lemma  2, 
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(K^  - H^)*X°  = E |(K^-h\  AX°)|  = 0. 

sSt  ® ^ ^ 

1 1 G 

Adding  (K  - H )*X  to  the  left  hand  side  in  (6.3),  we  obtain 

(k’  - H^)-X  = - lim(D^  - (d")^) 

n 

and  the  theorem  is  proved. 

7 REMARKS.  We  note  that  Definition  5 and  Theorem  6 apply  when  one  or 
both  of  H and  X are  real  valued;  thus,  we  have  an  alternate,  and  now 
unified,  method  for  constructing  the  previous  optional  Integrals  in 
the  case  of  bounded  H.  Of  course,  we  must  show  that  Definition  5 
yields  the  same  process  as  the  previous  definitions. 

(a)  Let  H be  real,  bounded,  and  optional  and  let  X be  E- valued  (in 

particular,  X may  be  real).  Define  H*X  as  in  Definition  5. 

c 

Then  taking  H and  to  be  bounded  by  k,  we  have  for  every  Y 
in 

E |Hg  - Hg||(AXg,  AYg)l  ^ 2k  E |A[X,  Y]J 

S<“  3<a> 

^ 2k/”|d[X,  Y]  I . 

O 

2 

The  last  term  is  integrable,  since  X and  Y are  in  M , hence 

E 

finite  almost  surely.  Thus,  the  sura 


E (H  - H^CaX  , 
, s s s 

3<<» 


AY  )1 
s 
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l3  absolutely  convergent  uniformly  in  n,  for  a.e.  w.  So  by  the 
Moore  Lemma,  we  have  a.s. 


lim  w"  = Z lim[(H  - H^)(AX  , AY  )1 
n s<»  n ^ ® ® MlAXgl  > 

= X (H^  - H^)(AX  , AY  )1  r, 

3<„  3 s 3 3 1|AX  |>0} 


= I (H^  - h],)(AX^,  AY„). 

3<» 


1 


The  limit  also  holds  in  L , since  for  each  n 
|w”|  ^ 2k J |d[X,  Y]  |.  Then  by  Theorem  3, 


E[((H  -X)  +Z  , Y )] 
00  00  00 


= E[((H^X)  Y^)]  + limE[(B"-(B")P,  Y )] 

00  00  00  oo'oo 

n 

= E[/"H^d[X,  Y]^]  + limEC  f AY  dB^] 

n ]0,“>] 

= E[/"Hj^d[X,  Y]  ] + limEC  Z (H  (AY  , AX  )1  ] 

n 0<3<»  3 3 s 3 

= E[|"H^d[X,  Y]  ] + limEC  Z (H^-hS(AX  , AY  )1  1 

n s<«  {|AXJ>1} 

= ECj"H^dCX,  Y]  ] + EC  Z (H  -H^(AX  , AY  )] 

^ g<„  3 3 3 3 

= ECjVdCX,  Y]g]  + EC/“(Hg-Hg)dCX,  Yj^] 

= ec|“h  Y]  ]. 

s s 

Hence,  H*X  = H^*X  + Z,  by  Theorem  III. 1.2. 
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(b)  Suppose  H is  E-valued,  bounded,  and  optional  and  X is  real.  We 
must  show  that  for  every  real  square  integrable  martingale  Y, 

E[((H^-X)  + Z )Y  ] = E[|"h  d[X,  Y]  ]. 

The  same  argument  in  (a)  works  in  this  case  provided  we  can 
show 


= EC  J AY  ds"]. 

00  00  00  J Q Q 

]0.«]  ^ ® 

(Here,  Theorem  3 does  not  apply  since  is  E-valued  and  Y is 
real . ) 

First  assume  Y is  bounded.  Write  B = b’’.  Since  stopping 
and  compensation  commute,  we  may  localize  and  assume  that  B is 
of  integrable  variation.  Then  by  the  definition  of  dual 
projection,  we  have 


00  00  00  ~ 


E[(B_  - bP)Y_]  = E[/"y  dB  ] - E[f”Y  dB^] 

J CO  Q ; 00  3 -■ 

fooQ  f«>D 

■ E[f  Y.dB^]  - E[J 

- ECr^jdB,]  - E[rY3_dB^] 

= ECTaY  dB  ] 

•'  s s 


EC  f AY  dB  ]. 

-■'-S3 


]0,«] 


The  last  equality  holds  since  = 0 (see  Definition  5), 
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Assuming  now  that  B Is  only  locally  integrable, 

let  be  a sequence  of  stopping  times  which  increase  to 

T 

infinity  such  that  B is  of  integrable  variation.  Then 
T T T 

B - (B  = (B  - B^)  converges  in  to  B - B^.  Hence, 

h 

T T 

E[(B  - bP)Y  ] = lim  E[(B  " - (B  ")P)Y  ] 

00  OOOO  00  co  oo 

n 

T 

= lim  E[  / ay  dB  ”] 

n ]0,«>] 

= lim  E[  [ AY  dB  ] 

n ]0,T  ] ® ® 

n 

= E[  J AY  dB  ]. 


Hence,  for  bounded  Y we  have 

E[((H^-X)  + Z )Y  ] = E[/"h  d[X,  Y]  ]. 

00  00  00  J *^3"^ 

2 

Then  for  Y in  M , we  may  obtain  a sequence  of  bounded 
martingales  (Y*^)  which  converge  to  Y in  M^.  Then  for  each  n, 

E[((H^X)  + Z )y"]  = E[f”H  d[X,  y'^]  ] 

00  00  00  *^3  3 

Letting  n tend  to  infinity,  we  obtain  the  expression  in  (7.1), 
■since 

E[|((H^X)  -t-  Z )(Y*^  - Y )|]  ^ l(H^X)  + Z I ^|y"  ~ Y 1 

> 00  00  00  ool  « 00  coH?"oo  ooUp 

L„  L 
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and 

ECriHslldCX.  y"-Y]J]  ^ IhI^Iy"  - Yf  2- 

Li 

Thus,  Definition  5 offers  a new  definition  of  the  optional 

integral,  in  terms  of  the  predictable  integral,  in  all  settings. 

We  point  out  that  in  the  definition,  we  may  always  take 

If  H is  cadlag  and  = 0,  we  may  take  = H . 

We  shall  now  give  a characterization  of  H*X  which  will  be  useful 

c 

in  proving  its  properties. 

8 THEOREM.  Let  H be  a bounded,  optional  process  and  let  X be  in 
2 

M . H»X  is  the  unique  real  square  integrable  martingale  such  that  for 

Ci  C 

2 

every  Y in  M , 

E[(H.X)  Y ] = E[f"H  dB^] 

C oo  00  ■’  S S 

Y . * 

where  B is  the  E = E valued  process  of  Integrable  variation  given  by 
(<t>»  B (w))  = [Y,  (ip,  X)]  (w),  4)  e E. 

Proof ; The  uniqueness  is  obvious  for  if  U were  another  such 
square  integrable  martingale  satisfying  the  theorem,  then 
E[(H*X)  Y ] = E[U  Y ] for  every  Y in  M^.  Hence,  (H*X)  = U a.s.  and 

U is  indistinguishable  from  H^X. 

In  Theorem  II. 1.5,  we  saw  that  if  we  define 


= <Y,  (.,  X)>, 
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Y 2 

then  A is  of  Integrable  variation,  and  for  every  K in  L (X) 

P 

E[(K*X)  Y ] = ECTk  dA^]. 

00  00  •'3  3 

By  replacing  sharp  brackets  by  square  brackets,  one  may  use  the  same 

Y 

proof  to  show  that  B is  of  integrable  variation  and 
(8.1)  E[(K-X)  Y ] = E[Tk  dB^]. 

00  00  •'S3 

Then  writing  H-X  = *X  + - limCB^  - (b")^)  where 

n 

b'^  = Z (H  -H  , AX  )1  and  is  appropriately  chosen,  we 

s^t  ® ® MIax  I > ^} 

' s'  n' 

have  by  (8.1)  and  Theorem  3 that 


(8.2) 


.1 


E[(H.X)^Y^]  = E[(H'-X)  Y ] + limE[(B"  - (b“)^)Y  ] 

c 00  00  00  00  00  00  00 

n 


E[J"H^dB^]  + limE[  f AY  dB*^] 

*'3  3 _ J « 


n ]0,«] 


3 3 


However , 


(8.3)  / AY  dB^  = 

-■'-S3 


n 


]0,«] 


Z AY  AB 
0<3<«  ® ® 


Z AY  (H  -h\  AX  )1 

0<3<«  " " " " {|AX  I > 1} 

‘ ' s'  n' 


Z AY  (H  -h\  AX  )1 
3<«  3 3 s’  s I > Ij 

' ' s'  n' 


On  the  other  hand,  for  every  f in  E 


(f,  AB  ) = A[Y,  (f,  X)] 


= AYA(f,  X) 


= AY(f,  AX); 


hence,  since  H - is  thin 


1 92 


roo  1 Y 1 Y 

J (H  - H )dB^  = Z (H  -H  , AB  ) 


3 3 


S<“ 


3 3 


Moreover , 


= Z AY  (H  -h\  ax  ), 

. 3 3 3 3 

S<“> 


(8.iO 


S<“  3<« 


/*k-h1 


- . dB 

3 3 ' ' s' 


The  final  expression  is  integrable,  hence  finite  almost  surely,  since 
1 Y 

H - H is  bounded  and  B is  of  integrable  variation.  Hence  for  a.e. 
w,  the  sura 


/ AY  dB^ 

]0,»]  ^ ^ 


Z AY  (H  -H^ 

„ 3 3 3 

S<® 


AX  )1 


is  absolutely  convergent  uniformly  in  n.  So  by  the  Moore  Lemma,  we 
have  a. 3. 


lira  f AY  de"  = Z lim[AY  (H  -h\  AX  )1  1 

n ]0,»]  s<®  n { AX  > -I 

' ‘ s'  n 
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= E AY  (H  , AX  ) 

3 3 3’  3 

3<“» 

foo  1 Y 

= I (H  - H )dB  . 

Moreover,  the  limit  holde  in  by  dominated  convergence  3ince  for 
every  n 


I / 

]0,“] 


AY  dB^I  < r|H 

3 3'  J I 


3 


by  (8.3)  and  (8.4). 

Hence,  (8.2)  becoraee 

E[(H-X)_^Y^]  = E[/“H^dB^]  + E[r(H  - H^dB^^] 

Coooo  •'33  ■'3  3 3 

foo  Y 

= ECj  H dB  ] 

and  the  Theorem  i3  proved. 

9 COROLLARY.  Let  H be  bounded  and  optional  and  let  X be  in  M^. 

E 

2 Y 

For  every  Y in  M , the  proce33  M = [H*X,  Y]  - H*B  ie  a uniformly 

Y 

integrable  martingale  which  is  zero  at  0,  where  B is  defined  by 
= [Y,  (.,  X)]. 

T 

Proof ; We  note  that  for  every  etopping  time  T,  (B^)"^  = B^  ; 
hence,  • 

E[M^]  = ECCH-X,  Y]^]  - ECfHgdBg] 


19^ 


= E[[H;X,  Y^]  ] - E[/"h  cKB^)^] 

C “>  •'3  3 

T 

= E[(H.X)  Y^]  - E[/”h  dB^  ] 

c CO  CO  •'3  3 


= 0, 


by  Theorem  8.  Hence,  M is  a uniformly  Integrable  martingale.  Since 
Bq  = Yq(*.  Xq),  we  have 


"o  - - "o»o 


■ - ^o<"o’  ’<0>- 


Thu3,  to  Show  Mq  = 0,  it  sufficea  to  show  that  (H-X)^  = (H^,  X^). 
But  this  fact  is  obvious  by  Definition  5;  for  we  have  B^  - (B^)q  = 
and  hence  Zq  = - limCB^  - (b'^)P)  = 0 a.s.  Thus,  (H*X)q  = (H^  .X) 

• '"i’  =<o'  ■ <"o'  Xo'- 


0 

0 


Corollary  9 is  one  of  many  properties  of  the  optional  integral. 
We  refrain  from  listing  all  of  the  properties  here,  for  in  the  next 
section  we  shall  extend  H*X  for  locally  bounded  H and  special  semi- 
martingales X.  The  properties  of  this  extension  will  of  course  hold 
in  particular  for  bounded  H and  square  integrable  X.  We  shall, 
however,  give  several  more  theorems  in  this  section. 


10  THEOREM.  Let  X be  a square  integrable  martingale  that  is  also  a 
process  of  finite  variation  and  let  H be  bounded  and  optional.  Let 
H^  be  bounded  and  predictable  such  that  H^  = H^  and  H - H^  is  thin. 


Then, 
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(a)  H*X  = H *X  + B - 

c ’ 


where  B = Z (H  AX  ) = - H^)dX  , and 

S S S 3 S 3 

Sit 


(b)  H-X  = (Hq,  Xj^)  + a - ^ , 

where  A.  = dX  . 
t •’  3 3 


Proof ; We  note  that  X is  locally  integrable  and  X^  = X^.  The 
processes  A and  B are  then  locally  integrable,  since  H and  H - 
are  bounded  by  some  constant  k. 

He  let  b”  =•  I (H  ax  )1  . . By  Definition  5,  it 

eSt  ^ = M|1X  I > 1) 

‘ ' s'  n' 

suffices  to  show  B - B^  is  in  and  B - B*^  = - limCB"^  - (b”)^). 

n 

As  in  Theorem  we  have 


E[[B-bP,  B-bP]  ] ^ 4E[[B,  B]  ] 

00  CO 

= 4E[  Z IaB  I^] 

. S 
S<” 

= 4E[  Z (H  , AX  )^] 
. 3 s’  3 

3<<» 

S l6k^E[  Z A[X,  X]  ] 

3<”  ^ 

S l6k^E[[X,  X]  ] 

00 


< ». 


Hence,  B 


is  in 


Moreover , 


(10.1)  j(B  - B^)  - (b"  - (b")^)|^ 

= E[[B  - b"  - (B  - b")P,  B - b"  - (B  - b")P]  ] 

00 

^ HECCB  - b”,  B - b"]  ] 

00 


= 4E[  e |a(b  - b"^) 

3<®  ^ 


= 4E[  e (h^-h^,  ax  )^1 

3<»  " " " {IAX3I  <1} 

^ 16K^E[  E I ax  1^1  ^ ]. 

s«»  {|AXj^l} 


Then  since  [X  X]^  ia  integrable  and 


E 

3<® 


the  sum  E I AX  1^1 

s<«  ^ {|AXJ<1} 

every  w.  Hence, 


T A[X,  X]^  < [X,  X]  , 

3<»  ^ 

converges  uniformly  in  n,  for  almost 


lim  E I AX  1^1 
n s<«  ^ (lAXj^i} 


E |AX  1^1 

3<« 


{|AXj  < 0} 


= 0. 


By  dominated  convergence,  the  limit  holds  in  L 


1 


Hence,  taking  the 
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limit  in  (10.1)  as  n tends  to  infinity,  we  obtain 


B - - limes’^  - (b'^)P)  , 


and  (a)  is  proved.  Then  since  = X^,  we  have 


■ '"o-  Xo>- 


Hence , 


H^X  + B - bP  = fHgdXg  + - Hj^)dX^  - - H^)dXj 


S 3 


3 S'^t 


- A - A"  . (H„,  X„) 


11  THEOREM.  Let  H be  bounded  and  optional  and  let  X be  in  M^. 

E 

Let  H^  be  bounded  and  predictable  such  that  H^  = H^  and  H - H^ 
is  thin.  Then 


|H.X|  S (E[f  |H^|^d<X,  X>^:> 


1/2 


- 2(E[f  |Hg  - Hgl^dCX.  X]J 


1/2 


Proof;  Let  B^  be  defined  as  in  Definition  5.  Then 
(11.1)  |H^X|  < |H^X|  + lim|B"  - (b")P| 

By  Theorem  II.  2. 2 (a),  we  have 


|H^X|  < |h|  - (E[/”|HVd<X,  X>  ])^^^ 

A as 
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By  line  (i1.1)  of  Theorem  4,  we  have  for  every  n 

|b"  - (b")P|  = (e[[b"-(b'")P,  b'^-(b'^)P] 

M 

^ 2(E[  E AX^)I^])^^^ 

, o 3 S 

3<® 

^ 2(E[  E |H^  - HyiAXj'])'/' 

3<“ 

= 2(E[|”|Hg-Hg|^d[X,  X]g])^^^ 

Hence,  the  theorem  followe  by  line  (11.1). 

12  THEOREM.  Let  (H^)  be  a uniformly  bounded  aequence  of  optional 

2 k 

proceaaea  converging  pointwise  to  H.  Then  for  any  X in  M , H *X 

E c 

2 

convergea  to  H*X  in  M . 
c 

Proof ; Let  H^  be  chosen  for  H according  to  Definition  5.  We  choose, 

for  each  k,  a bounded,  predictable  process  J such  that  = H^  and 

k k k 

H - J is  thin.  We  may  also  assume  that  (J  ) are  uniformly  bounded, 

r k 1 1 

by  Lemma  1.  Let  A = {lim  J H } . Then  A is  a predictable  set.  Let 

k 

k k 1 k 

L = J 1 + H 1.  for  each  k.  L is  still  bounded  and  predictable. 

A°  ^ 

k k 1 k k k 

Since  = H^  converges  to  H^  = H^,  we  have  L^  = = H^  for  each  k. 

Moreover , since 

A c (U{j*^  h'^})  U {h  ^ H^}, 

k 


A is  thin.  Then  since 
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. L^}  c (h'^  . 

we  have  that  - L*^  is  still  thin.  Thus, 
terms  of  L*^,  by  Theorem  6.  Moreover,  (L*^) 
(L*^)  converges  polntwise  to  . Let 


} U A, 

h'^*X  may  be  defined  in 
c 

are  uniformly  bounded  and 


b"  = I (H  , AX  )1 
t ..  s s’  s 
sSt 


ll“sl  > 


and 


Then 


and 


and 


= z ax  )1 

^ s<t  ^ ^ ^ {|AXJ  > 1} 


H*X  = H^-X  + - lim(B"  - (b")^) 


i,*<  -u-  ^ w2  ,r,nk  ,„nk.p. 

H *X  = L *X  + M - lim(B  - (B  )*^) 
c 

n 


H*X  - h'^^X  = (H^  - l'^)*X  + - lim(B”  - b'^'^  - (b"^  - 

n 


= (H  - h'")-X, 


Ik  k 

since  H - L satisfies  Definition  5 for  H - H . Thus,  by 

Theorem  1 1 , 

|HjX  - H^.X|  2 = !(H  - h‘^)jX1  2 
M M 

^ (E[f”|H^  - L“^|^d<X,  X> 

' S s'  3 

+ 2(E[f  |(Hg  - Hg)  - (Hg  - Lg)|^d[X, 
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The  theorem  follows  by  dominated  convergence,  since  (H^  - L*^) 

are  uniformly  bounded  and  converge  pointwise  to  0 and 
k Ik 

((H-H)-(H  -L))  also  are  uniformly  bounded  and  converge  to  0. 

13  THEOREM.  Let  (X*^)  be  a sequence  of  square  integrable  martingales 

converging  to  X in  M„.  If  H is  bounded  and  optional,  then  (H'X'^) 

b c 

2 

converges  to  H*X  in  M . 
c 

Proof:  We  choose  according  to  Definition  5.  Using  Theorem  3.1  to 

follow,  we  have  H*X  - H'X*^  = H*  (X  - X^).  Then  by  Theorem  1 1 , we  have, 
c c c 

taking  H and  to  be  bounded  by  k,  that 


|H-X  - H.X"||  = |H.(X  - X")l 

^ k(E[<X-x",  X-X"> 

00 

+ Hk(E[[X-x",  X-x“^] 

00 

= 5k(E[[X-x",  x-x"] 

00 

= 5k|X  - x"| 

^E 

The  result  follows  by  letting  n tend  to  infinity. 


2.  The  Optional  Integral  With  Respect 
to  a Special  Semimartingale 

In  this  section,  we  extend  the  integral  defined  in  Section  1 to 
all  locally  bounded,  optional  processes  H and  all  special 
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semimartingales  X.  As  in  Section  IV. 3,  we  shall  make  this  extension 
by  pasting  and  piecing  together  the  different  parts  of  the  integral. 
We  continue  to  assume  that  both  H and  X are  E-valued. 

1 LEMMA.  Let  X be  a local  martingale  of  finite  variation  which  is 
zero  at  0 and  let  H be  locally  bounded  and  optional.  We  set 

A,  = dX  and  N = A - A^.  Then  for  every  real  local  martingale  Y, 

U S3 

Y 

the  process  [N,  Y]  - H»B  is  a local  martingale  which  is  zero  at  0, 
where  = [Y,  (•,  X)]. 

Proof ; Since  X is  a local  martingale  of  finite  variation,  it  is 
locally  integrable.  Then  A is  also  locally  integrable  since  H is 
locally  bounded.  Moreover, 

= E AY  A(-,  X)  = X AY  (•,  AX  ); 

S^t  S^t 

and 

(H-B^)  = Z (H  , AB^)  = Z AY  (H  AX^)  = Z AY  AA^  = [A,  Y]_ 

s<t  ^ ^ s^t  ® ® ® s^t  ® ® ^ 

Y D 

Hence,  [N,  Y]  - H*B  = -[A^,  Y]  is  a local  martingale,  by  Theorem 
11.3.4  (taking  E to  be  the  real  line).  Since  X^  = 0,  we  have  A^  = 0; 
but  then  A^  = 0 and  [A^,  Y]q  = 0.  The  lemma  is  then  proved. 

2 THEOREM.  Let  X be  a special  semimartingale  having  canonical 

decomposition  X = X^  + M + A and  let  H be  a locally  bounded,  optional 

process.  There  exists  a unique  real  semimartingale  Z having 

decomposition  Z = (H^,  X^)  + W + H*A  such  that  for  every  real  bounded 

Y 

martingale  Y,  the  process  [W,  Y]  - H*B  is  a local  martingale,  which 

Y 

13  zero  at  0,  where  b =CY,  (•,X)]. 
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Z is  called  the  optional  (or  compensated)  stochastic  integral  of 

H with  respect  to  X and  we  denote  W = H*M  and  Z = H*X.  Moreover,  if  H 

c c 

is  predictable,  then  H*X  = H*X. 

c 

Proof ; For  the  uniqueness,  we  must  show  the  uniqueness  of  the  local 
martingale  W in  the  decomposition  of  Z.  If  U is  another  such  local 
martingale,  then  for  every  real  bounded  martingale  Y,  [W-U,  Y]  is  a 
local  martingale  which  is  zero  at  0.  By  taking  E to  be  the  real  line 
in  the  proof  of  uniqueness  in  Theorem  III. 3. 3,  we  have  W = U. 

An  immediate  consequence  of  the  uniqueness  is  the  following: 

(2.1)  If  M and  N are  local  martingales,  zero  at  0, 

and  H* (M  + N) , H*M,  and  H*N  are  defined,  then 
c c c 

H*(M  + N)  = H*M  + H*N. 
c c c 

To  see  this  result,  let  Y be  a real  bounded  martingale  and  let 

= [Y,  (•,  M+N)], 

= [Y,  (.,  M)], 
and 

= [Y,  (.,  N)]. 

Y Y Y 
Then  B = C + D and 

[H*M  + H*N,  Y]  - H*B^  = [H^M,  Y]  - H*C^  + [H*N,  Y]  - H*D^ 

is  a local  martingale,  zero  at  0.  Hence,  H*M  + H*N  = H* (M  + N) , 

c c c 


by  uniqueness. 
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A second  consequence  of  uniqueness  is  the  following: 

(2.2)  If  M is  a local  martingale,  zero  at  0,  then  for  every  stopping 
time  T, 


'"[O.T]  i 


To  see  this  result,  we  let  Y be  a real  bounded  martingale  and  set 


and 


Then 


B = [Y,  (.,  M)], 


= [Y,  (•,  m"^)] 


= [Y,  (.,  M)]' 


Y T 
(B^)\ 


Y]  - H*C^  = [H*M,  Y]"^  - 


(CH^M,  Y]  - 


is  a local  martingale,  zero  at  0,  since  CH^M,  Y]  - H*B  is  a local 

T T 

martingale,  zero  at  0.  Hence,  (H*M)  = H*M  . Moreover,  since  also 

c c 

Y]  - . B^  = ([H-M,  Y]  - H-B^)'^, 


we  have  (H*M)  = HI-  - • M.  We  now  construct  H*M  for  bounded  H. 

c [0,TJ  c c 

We  write  M = N + B,  where  N is  a local  martingale  with  bounded 
jumps,  B is  a local  martingale  of  finite  variation,  and  N = 0 = B 


0 
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We  let  (T^)  be  a sequence  of  stopping  times  which  increase  to 
T 

infinity  such  that  N is  a square  integrable  martingale  for  each  n. 

T 

H*N  is  defined,  by  Definition  1.5,  and  satisfies  the  theorem,  by 
Corollary  1.9.  Moreover,  by  (2.2),  we  have 

T T T 

(H‘N  "■"  ) " = H-N  " 
c c 

T 

and  we  may  define  H*N  = lim  H*N  by  pasting  together,  so  that 

c c 

n 

T T 

(H-N)  = H-N 

c c 

Let  Y be  a bounded  martingale.  We  set  = [Y,  (-,  N)]  and 
T T 

C^  = [Y,  (-,  N '^)].  - Then  = (B^)  Then  for  every  n 

T T T 

([H-N,  Y]  - H-B^)  = [(H-N)  Y]  - H-(B^)  " 

T 

= [H-N  ",  Y]  - H-C^ 

Y 

13  a local  martingale,  zero  at  0.  Thus,  [H-N,  Y]  - H-B  is  also  a 

local  martingale,  zero  at  0,  and  H-N  satisfies  the  theorem.  Moreover, 

T T 

if  H is  predictable,  then  H^N  " = H-N  " for  all  n,  by  Theorem  1.6. 

T T 

Then  H^N  = H-N,  since,  by  pasting,  (H-N)  " = (H-N)  " for  each  n. 
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Mor 


By  Lemma  1,  H*B  is  defined  as  H*B  = A - A^,  where  A = dB  , 
c c t 3 s 

eover,  since  B^  =0,  if  H is  predictable,  then  A^  = dB^  = 0. 

t ■'S3 


Hence,  H*B  = A = H*B. 
c 

We  may  then  let  = H^N  H^B,  by  (2.1).  Now  suppose  H is 

locally  bounded.  We  choose  stopping  times  (T^)  which  increase  to 

infinity  such  that  HI , , is  bounded  for  each  n.  Then 

JO.TnJ 

w"^  = HI  ^ ^ M exists  (for  any  local  martingale  M which  is  zero  at 

Y 

0) . Then  for  any  bounded  martingale  Y,  B^  = Yq(*,  M^)  = 0;  hence, 

"Lo.T  ] • ■ "'[O.T  ] • 

n n 

It  follows  that  Hip-  _ -I  • M is  defined  and 

[0,T^]  c 

[0,T^]  c ° 


for  each  n.  Then,  by  (2.2),  we  have  for  each  n that 


We  may  then  define  H*M  = lim  HI  ^ , • M by  pasting,  so  that  for  each 


"-"'[0,T  ]5"' 

’ n 


Then  for  every  bounded  martingale  Y, 
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T T 

Y]  - H-B^)  " = C(H*M)  Y]  - ^ 


is  a local  martingale  which  is  zero  at  0;  hence,  [H^M,  Y]  - H*B  is 


also  a local  martingale,  zero  at  0. 

Moreover,  if  H is  predictable,  then  HI 
predictable;  hence,  for  each  n 


]0,T„] 


is  still 


n 


^ n • M 

]0.T„] 


= * M 

[0,T  ] 


= (H-M) 


hence,  = H*M,  by  letting  n tend  to  infinity. 

3 REMARKS. 

(a)  We  note  that  if  we  let  = [Y,  (•,  X)],  then 

[H*X,  Y]  - H*C^  = [H*M,  Y]  - H*B^ 
c c 

Y 

for  every  bounded  martingale  Y;  hence,  [H*X,  Y]  - H*C  is  also 
a local  martingale  which  is  zero  at  0. 
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(b)  We  shall  see  in  the  following  section  that  Theorem  2 actually 
holds  for  all  real  local  martingales  Y. 

(c)  Suppose  H is  bounded  and  X is  in  Then  X has  canonical 

E 

decomposition  X = X^  + (X  - We  choose  according  to 

Definition  1.5.  We  set 


and 


Z (H  -H 
s^t  ® 


1 

s’ 


AX  )1 
s 


sSt 


(H 

s s 


A(X  - 


4(X 


Since  - Hq  = 0 and  AX  = A(X  - X^)  on  ]0,  “],  we  have 

b"  = c".  Then  since  H^*X  = (hJ,  X^)  + • (X  - X^)  = 

(Hq,  Xq)  + H^*(X  - Xq),  we  have  H-X  = (H^,  X^)  + H-(X  - Xg). 

Then,  by  Corollary  1.9,  W = H*(X  - X„)  satisfies  Theorem  2: 

c 0 

hence,  H*X  defined  in  Definition  1.5  agrees  with  H*X  defined  in 
c c 

Theorem  2. 


3.  Properties  of  the  Optional  Integral 
We  conclude  this  chapter  with  properties  of  the  optional 
integral.  These  properties  must  be  proved  directly,  unlike  many  of 
the  corresponding  properties  in  Chapters  III  and  IV  which  could  be 
proved  weakly.  Throughout  the  section,  we  prove  the  properties  for  a 
locally  bounded,  optional  process  H and  a special  semimartingale , 
having  canonical  decomposition  X = X^  + M + A.  We  note  that,  in 
particular,  the  results  hold  for  bounded  H and  square  integrable  X. 
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1 THEOREM. 


(a)  If  X and  Z are  special  semi mart i ngl es , then 

H*(X  + Z)  = H-X  + H*Z. 

C G C 


(b)  If  K is  locally  bounded,  then  (H  + K)*X  = H*X  + K*X. 

G c c 


Proof; 

(a)  We  write  X=X^  + M + AandZ  = ZQ  + N + B.  Then  X + Z has 
canonical  decomposition  X + Z = (X^  + Z^)  + (M  + N)  + ( A + B) . 
Clearly,  H* (A  + B)  = H*A  + H»B.  By  line  (2.1)  of  the  proof  of 
Theorem  2.2,  we  have  H* (M  + N)  = H*M  + H*N,  and  (a)  follows. 

C G C 

Y 

(b)  We  let  B = [Y,  (*,  M)],  for  every  bounded  martingale  Y.  Then 


[H«M  + K*M,  Y]  - (H  + K)*B^ 
c c 

= [H-M,  Y]  - H*B^  + [K*M,  Y]  - B^ 

C C 


is  a local  martingale  which  is  zero  at  0.  Hence, 

H*M  + K*M  = (H  + K)*M.  Assertion  (b ) is  then  obvious,  since 
c c c 

(H  + K)-A  = H-A  + K-A. 


2 THEOREM.  For  every  stopping  time  T, 

(HjX)’’  - K.X".  . X. 

T T 

Proof:  Clearly,  (H*A)  = H*A  = Hlj-^  • A.  The  theorem  follows 

from  line  (2.2)  in  the  proof  of  Theorem  2.2. 
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3 THEOREM.  For  every  locally  bounded  H and  special  semimartingale 
X = + M + A, 

(a)  ( - (Hg,  X„).  and 

(b)  4{H-X)  - (H,  AM)  - ’’(H,  AM)  ♦ (H,  AA)  on  ]0,  »[. 


Proof ; The  first  assertion  is  obvious,  since 

H^X  = (Hq,  Xq)  + H^M  + H*A,  where  = 0 = (H*A)q.  It  is  clear 

that  A(H*A)  = (H,  AA);  hence,  for  the  second  assertion,  it  suffices  to 
show  a(H*M)  = (H,  AM)  -^(H,  AM)  on  ]0,  »[. 

We  first  note  that  since  M is  a local  martingale,  ^(AM)  exists 
and  thus  for  every  predictable  stopping  time  T, 


E(|AM^1 


(T<“) 


F^_)  < ® a.s. 


Thus,  for  H bounded. 


E(|(H^,  AM^)|1^^^^^|F^_)  < » a.s., 

for  every  predictable  stopping  time  T.  Hence,  ^(H,  AM)  exists. 

We  let  T be  a stopping  time,  with  T > 0,  which  is  either 
predictable  or  totally  Inaccessible.  We  let  U be  a bounded, 
F^-measurable  random  variable  and 

Y = B - is  a square  integrable  martingale  that  is  also  a 
process,  of  variation  variation.  Moreover,  if  T is  predictable,  then 


(U  - E(U| 


^T-^^^T^t) 


(3.1) 
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If  T is  totally  inaccessible,  then  is  continuous  and  hence 

AY  = AB.  These  assertions  on  Y are  well-known  facts  and  may  be  found 

in  Deilacherie  and  Meyer  [i1,  VII.  74]. 

We  let  = [Y,  (•,  M)]  = AY^(*,  Then  the  process 

Y 

C = [H*M,  Y]  - B is  a local  martingale  which  is  zero  at  0.  We  let 
(T^)  be  a sequence  of  stopping  times  reducing  both  C and  H*M.  Then, 


C " . [(HjM)  ",  Y]  - b’ 


[HI 


[0,T„]  i • B 


We  let  = Hip.  , to  simplify  the  notation.  Then, 

L ^ * J 
n 


C = E A[k"*M)  ay  - /"K^dB 

” . C S 3 ■' 

3<“ 


“„n  ,_Y 
dB 

3 3 


= a(k"^m),^ay,j,  - ay^(k",  AM^) 


Since  C is  a uniformly  integrable  martingale  which  is  zero  at  0,  we 
T 

have  E[C  ] = 0;  hence. 


(3.2)  E[A(K^-M),j,AY,j.]  = E[AY,j.(k",  AM^)]. 

Assume  now  that  T is  predictable.  By  (3.1),  the  right  hand  side  of 
(3.2)  becomes 


(3.3) 


e[u(k",  am,^)]  - E[E(U|F^_)(k!J,  am,j,)] 
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= E[U(kJ.  AM^)]  - E[UE((k",  am^)|f^_)] 

= E[U(k",  AM^)]  - ECU^Ck",  AM)^] 

= E[U((k”,  AM^)  - P(k",  AM)^)] 
and  the  left  hand  side  of  (3.2)  becomes 

(3.4)  e[a(k".m)^u]  - e[a(k"-m)^e(u|f^_)] 

= E[A(k".M)^U]  - E[E(A(k"-M)^|F^_)U] 

= e[a(Am)^u]. 

n 

The  last  equality  in  (3.4)  is  obtained  since  K *M  = (H*M) 

c c 

uniformly  integrable  martingale  and  thus  E(A(k‘^*M)  If  ) = 0 a. 

c T ' T- 

predictable  T.  Since  U is  an  arbitrary,  bounded,  F^-measurable 
random  variable,  we  have,  by  comparing  (3.2),  (3.3),  and  (3.4), 

(3.5)  A(k'^*M)^  = (K^,  AM^)  - '^(k”,  AM)^  a.s. 

Now  assume  that  T is  totally  inaccessible.  Then 
AY^  = AB^  = U;  hence,  (3.2)  becomes 

(3.6)  E[A(k"-M)^U]  = e[u(k",  AM^)]. 

Again  since  U is  arbitrary,  we  obtain 

A(k"^M)^  = (k",  AM^)  a.s. 


L • 

is  a 
. , for 

that 


(3.7) 
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We  next  observe  that  AM  is  thin;  hence,  (k"^,  AM)  is  thin.  Also, 
(K*^,  AM)  - am)  is  thin.  Hence,  AM)  is  thin.  Since  this 

process  is  predictable,  the  set  {^(k”,  AM)  ^ o}  is  indistinguishable 
from  a countable  union  of  disjoint  graphs  of  predictable  stopping 
times.  Since  T is  totally  inaccessible,  it  follows  that 

^(k",  AM)^  = 0 a.s. 

Hence,  (3.7)  becomes 

(3.8)  A(k'^-M)^  = (k”,  AM^)  - P(k",  AM)^  a.s. 

By  (3.5)  and  (3.8),  we  have 

A(K^-M)^  = (k",  AM^)  - P(k",  AM)^  a.s. 

for  any  predictable 'or  totally  inaccessible  stopping  time  T,  such  that 
T > 0.  It  follows  that  this  equality  holds  for  any  arbitrary  stopping 
time  T,  such  that  T > 0.  Hence,  by  the  cross-section  theorem,  we  have 
on  ]0,  “] 


A(k"^M)  = (k",  am)  - P(k",  AM), 


up  to  an  evanescent  set.  However, 


T 

A(k"*M)  = A(H-M) 
c c 


n 


and 
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(K*^,  AM)  - P(k",  AM)  = ^(H,  AM)  - ^(I^q.T 


= 1 


[O.T  - ^[O.T 


Letting  n tend  to  infinity,  we  have  on  ]0,  “[  that  A(H*M)  and 

c 

(H,  AM)  - ^(H,  AM)  are  indistinguishable. 

To  prove  this  result,  we  had  assumed  that  H was  bounded.  If  H is 
locally  bounded,  we  let  (T^)  be  a sequence  of  stopping  times,  which 
increase  to  infinity,  such  that  HI-,  , is  bounded.  Then,  since 

JO,TnJ 

Mq  = 0,  we  have 


"ho,T„]  i '"■  "'co,T„:  i " - "• 


Hence,  on  ]0,  ■»[, 


MH-H)  " - 4M)  - iH) 


1^0, T 


We  obtain  the  result  by  letting  n tend  to  infinity. 

Using  the  jump  formula  of  Theorem  3.  we  shall  now  extend  Theorem 

2.2.  . 


4 THEOREM.  Let  H be  a locally  bounded,  optional  process  and  let  X be 
a special  semimartingale  with  canonical  decomposition  X = + M + A. 


Then  for  every  real  local  martingale  Y,  the  process 

Y 

C = [H^M,  Y]  - H*B  is  a local  martingale  which  is  zero  at  0,  where 
= CY,  (.,  M)]. 

Proof:  Since  = 0 and  M.  = 0.  we  have  TH'M.  Y-Y.l  = TH^M.  Yl 

c u 0 c 0 c 

and  [Y-Yq,  (•,  M)]  = [Y,  (*,  M)];  hence,  we  may  assume  Y^  = 0.  We 
assume  first  that  H is  bounded. 

We  decompose  Y = N + P,  where  N is  a local  martingale  with 
bounded  Jumps,  P is  a local  martingale  of  finite  variation,  and 
Nq  = 0 = Pq.  Then, 

C = [H*M,  N]  - H«B^  + [H*M,  P]  - H*B^. 
c c 

We  let  (T  ) be  stopping  times  which  increase  to  infinity  such  that 

Tn  T ^n 

N is  a bounded  martingale.  Then  since  (B^)  = B^  , we  have  for 

each  n 

T 

„ T T n 

([H-M,  N]  - H-B^)  ^ = [H-M,  N "]  - H‘B^ 
c c 

is  a local  martingale  which  is  zero  at  0,  by  Theorem  2.2.  Hence, 

N 

[H^M,  N]  - H*B  is  also  a local  martingale,  zero  at  0. 

Since  P is  a process  of  finite  variation,  we  have 

bJ  = Z AP  (•,  AM  ) 
s^t 


and  thus 
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[H-M,  P]  - = Z A(H-M)  AP  - I AP  (H  , AM  ) 

G 0 3 3 3 3’  3 

S^t  3^t 

Z P(H,  AM)  AP  , 

y y'  i-  S 3 

0<3$t 

by  the  jump  formula  of  Theorem  3.  However,  since  P^  = 0,  we  may 
include  0 in  the  last  sum.  Thus,  we  must  show  that 

E P(H,  AM)  AP 
33 


is  a local  martingale. 

We  decompose  M in  the  same  manner  as  Y.  M = W + Z,  where  W is  a 
local  martingale  with  bounded  Jumps,  Z is  a local  martingale  of  finite 
variation,  and  = 0 = Z^. 

Since  (H,  AW)  and  (H,  AW)  - ^(H,  AW)  are  thin,  we  have  ^(H,  AW) 
is  also  thin.  Moreover,  (H,  AW)  is  bounded;  hence,  ^(H,  AW)  is 
bounded.  Hence,  by  Lemma  1.2, 

E ^(H,  AW)^AP  = ^(H,  AW)*P, 
s^t  ^ ® 

the  predictable  stochastic  integral,  which  is  a local  martingale,  zero 

at  0,  since  P is  a local  martingale,  zero  at  0. 

On  the  other  hand,  since  P is  of  finite  variation,  f^dP  is 

3 

locally  integrable;  hence,  since  H is  bounded,  H»P  = f^H  dP  is  also 

■'  s s 

locally  integrable.  Thus,  (H*P)^  exists  and  A(H*P)^  = ^(A(H*P)) 

= P(H,  AP).  Thus, 
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Z ’^(H,  AP)  AP  = [(H-P)P,  P] 
3^t  ® ® 


is  a local  martingale,  by  Theorem  Hence, 


Z ^(H,  AM)  AP 
3<t  ^ ® 


is  also  a local  martingale. 

We  have  thus  proved  the  theorem  for  bounded  H.  If  H is  locally 
bounded,  we  let  (T^)  be  stopping  times  which  increase  to  infinity  such 
that  HI  , is  bounded.  Then 

" " ■ • s' 

is  a local  martingale,  zero  at  0,  for  each  n.  The  result  then  also 
holds  for  C. 

5 THEOREM.  Let  (H  ) be  a sequence  of  optional  E-valued  processes 

converging  pointwise  to  H,  and  assume  that  (H*^)  are  uniformly  bounded 

in  norm  by  a locally  bounded  process  K.  Then  (H^*X)  converges  locally 

in  to  H‘X. 

c 

Proof ; The  proof  is  similar  to  Theorem  IV. 4. 6.  X has  canonical 
decomposition  X = X^  + M + A.  We  then  decompose  M as  M = N + B,  where 
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N is  a locally  square  integrable  local  martingale,  B is  a local 

martingale  of  finite  variation,  and  N = 0 = B . 

0 0 

As  in  Theorem  IV. ^.6,  we  choose  stopping  times  (T  ) which 

n 

increase  to  infinity  such  that  for  each  n 


(i)  N is  a square  integrable  martingale, 

(ii)  KU  .p  n is  bounded, 

JU,inJ 

T 

(iii)  J I |dB  I is  integrable, 

3 S 

T 

(iv)  J I |dA  I is  integrable,  and 

3 3 

>0)  integrable. 

^ n ^ 

We  now  fix  n and  denote  T = T . 


By  Theorem  2 and  the  fact  that  = 0,  we  have 


(H-N)  ^^[o.T]  c ]0,T]  G ^ • 


Since  HI is  bounded  by  K1 which  is  simply  bounded, 
T 

H1]o  Q H is  a square  integrable  martingale.  Thus, 


[HI 


]0,T]  c 


H 


|H1 


]0,T]  c 


If  we  ret  C = dB^,  then,  by  Lemma  2.1,  h*b”'^  = C - C^. 

t 3 3 C 

T 

Hence,  H^B  is  a local  martingale  that  is  also  a process  of  finite 
variation.  By  Theorem  II. 5. 2,  applied  to  real  processes,  we  have 
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H 

^ ECfldCj]  ECridcP]]. 

We  saw  in  the  proof  of  Corollary  IV. 3. 6,  that  if  C is  an  E-valued,  in 

particular  real-valued,  process  of  locally  integrable  variation,  then 

E[|"|dcPl]  = E[|“|dC  |].  Hence, 
s s 

T ^ 2E[r|dCj] 
rf 

- 2E[f  |Hj|dBj] 

S 2E[f  iKjlOBj] 

< ®. 

Since 

'"5*'’'' (T>0)  ■ <«0'  V'(T>0)  * 

■ *”o’  ’‘o*'(T>0)  * *■ 

we  have 

(5-')  l«;«"’(T>0)l  1 

^ V'(T>o)l, , ‘ , 

ij  H 

+ ECj"lHj|dA^|] 
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^ ll''olV(T>0)l  1 * 1 * , 

L H H 

* E[riK3ii«3i] 

< ®. 

Hence,  is  in  s\  Likewise,  (t>q) 

for  each  k.  Replacing  H by  = H - in  ( 5 . 1 ) , we  obtain 

l<"iX>^VT>0)  - "'V>"'{T>0)l  1 

■ K''V>'''(T>0)I  1 

O 

< 1(Lq,  ^o^\t>0)I  1 I 1 C®  II  1 

L H H 

* EcriL^iidA^i], 


By  the  dominated  convergence  theorem. 


lim|(LQ,  ^o^\t>0)^^1 
limEcf  iL^MdAgl]  = 0, 


and 
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By  Theorem  1.12,  we  have 


Um|(L  j»)  I , S , j 

k ° h'  k ^ ° 


k ° ’m2 


= 0. 


k T T 1 

Hence,  (H  *X)  1(^>g)  converges  to  (H*X)  1 in  S and  the  theorem 

is  proved. 


6 THEOREM.  Let  H be  locally  bounded  and  optional  and  let  X be  a 

local  martingale.  Then  (H*X)°  = H*X°  and  (H*X)'^  = H*X^. 

c c c c 

Proof ; Since  H^X  = (H^X)°  + (H^X)^  is  a unique  decomposition  and 

H*X  = H*(X°  + X*^)  = H*X°  + H'X'^,  it  suffices  to  show  H*X°  is 
c c c c c 

continuous  and  H^X^  is  purely  discontinuous. 

We  have  = (Hg,  X°)  = 0 and  on  ]o,  “[ 

A(H»X  ) = (H,  AX  ) - ^(H,  Ax'^)  = 0;  hence,  H^X°  is  continuous. 

Let  Y be  a continuous  local  martingale.  Let  = [Y,  (•,  X^)]. 
By  Theorem  11.3.9,  we  have  for  every  f in  E that 

(f,  B^)  = [Y,  (f,  X'^)]^.  = [fY,  X"^]j.. 

Since  x^  is  purely  discontinuous  and  Y is  continuous, 

Y H A 

(f,  B ) = E (AfY,  AX  ) = E AY  (f,  AX  ) = 0. 

S<t  ® sSt  ® ^ 
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Y 

Hence,  B =0.  By  Theorem  4,  we  have 


[H-X^,  Y]  - H-B^  = Y] 

c c 


is  a local  martingale  which  is  zero  at  0. 

Hence,  H^x'^  is  orthogonal  to  every  continuous  local  martingale. 

By  Theorem  111.5.8,  H^x'^  is  purely  discontinuous,  and  the  theorem  is 
proved . 

The  following  result  is  an  immediate  consequence  of  Definition 
1.5  and  relates  the  optional  integral  to  the  predictable  stochastic 
integral  when  X is  continuous. 

7 THEOREM.  Let  X be  a continuous  special  semimartingale  and  let  H be 
locally  bounded  and  optional.  Then  H*X  = H^*X,  where  H^  is  any 

locally  bounded,  predictable  process  such  that  H - H^  is  thin  and 

“i  - "o- 

Proof : Let  X = X^  + M + A be  the  canonical  decomposition.  Since  M is 

a local  martingale,  ^(AM)  exists  and  ^(AM)  = 0.  However,  X is 
continuous,  hence  predictable,  and  A is  predictable;  thus,  M is  also 
predictable.  Hence,  AM  = ^(AM)  = 0 and  M is  continuous.  Then  A must 

also  be  continuous.  Then  since  H - H^  is  thin,  we  have  for  each  t 
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Hence,  H-A  = *A. 

Since  M is  continuous  and  zero  at  0,  there  exists  stopping 

T 

times  which  increase  to  infinity,  such  that  M ^ is  a bounded, 

and  hence  square  integrable,  martingale  for  each  n.  Moreover,  we  may 

assume  ]g  -p  ] ^^^10  T 1 bounded.  Since  M is  zero  at  0,  we 

’ n"^  ’ n"^ 

have  for  each  n 


and 


• """  ■ • m"". 


,1 


Since  ^”']o  t ] ~ ^'^]0  T ] still  thin  and  M ” is  a continuous 


square  integrable  martingale,  we  have,  by  Definition  1.5,  that 
HI 


Tn  ^ T 

]0T]c^  t,etting  n tend  to  infinity,  we 

n ’ n 


obtain  H*M  = H^ *M.  Hence, 
c 


H*X 

c 


(H^,  X„)  + H*M  + H-A 
0 0 c 

(Hq,  Xq)  + H^ -M  + -A 


8 REMARKS. 

(a)  We  consider  the  cases  when 

(i)  H is  real-valued  and  X is  E-valued,  and 
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(ii)  H is  E-valued  and  X is  real. 

We  have  noted,  in  Remarks  1.7,  that  definition  1.5  may  be  used 
to  define  H^X  in  the  above  two  cases.  Hence,  Theorem  7,  with 
the  same  proof,  remains  valid  in  both  cases.  Alternately,  we 
have  proven  Theorem  7 when  both  H and  X are  E-valued.  In 
particular,  both  H and  X could  be  real-valued.  Then,  for  every 
f in  E,  we  have,  in  case  (i),  that 

(f,  H^X)  = H-(f,  X)  = H^(f,  X)  = (f,  H^X) 
and  in  case  (ii) 

(f,  H-X)  = (f,  H)-X  = (f,  H^-X  = (f,  H^X). 
c c 

Thus,  in  the  separable  space  E,  the  processes  H*X  and 

c 

H^*X  are  indistinguishable,  in  both  cases. 

This  argument  may  be  used  to  prove  many  properties  in  the 

previous  two  cases,  once  they  are  proved  for  both  H and  X being 

E-valued.  However,  we  note  that  we  are  restricted  to  locally 

bounded  H and  the  integrals  of  Chapters  III  and  IV  are  defined 

for  a different  class,  in  general.  In  Section  III. 3,  H*X  was 

c 

defined  for  H in  L_(X).  In  Sections  III.1  and  IV. 1,  H-X  was 

0 c 

defined  for  H in  Lq(X). 

(b)  We  note  that  if  X is  a continuous  semimartingale  (real  or  E- 

valued)  and  H is  a bounded,  optional  process  (real  or  E- 

valued),  we  may  also  unambiguously  define  H-X  by  H-X  = H^-X, 

c c 

where  H^  is  any  bounded,  predictable  process  such  that  H - H^ 
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is  thin  and  We  refer  to  Lemma  1.1  for  the  existence 

of  such  an  . 

We  conclude  with  several  "associativity"  properties.  We  refer 
the  reader  to  the  previous  results  of  Theorems  II. 2. 7,  III. 4. 4,  and 
IV. 4. 4. 

9 THEOREM.  Let  X be  a special  semimartingale , H locally  bounded  and 
optional,  and  K locally  bounded  and  predictable. 

(a)  If  H and  X are  E-valued  and  K is  real,  then 

KH-X  = H-(K*X)  = K-(H-X). 
c c c 

(b)  If  X is  real  and  H and  K are  E-valued,  then 

(H,  K)*X  = H*(K*X)  = K*(H*X). 
c c c 

(c)  If  K and  X are  E-valued  and  H is  real,  then 

HK*X  = H* (K*X)  = K*(H*X) . 
c c c 

Proof ; In  each  case,  we  write  X = X^  + M + A,  the  canonical 

decomposition  of  X.  The  associativity  clearly  holds  when  integrating 

with  respect  to  A,  by  the  Stieltjes  integral,  and  when  forming  the 

product  with  X^;  hence,  we  may  assume  X = M is  a local  martingale 

which  is  zero  at  0.  We  then  write  M = N + P,  where  N is  a local 

martingale  with  bounded  Jumps,  P is  a local  martingale  of  finite 

variation,  and  = 0 = P^. 

0 0 
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The  proof  for  P is  the  same  in  each  case.  Let 


B = dP  = H-P, 
•'  s s 


and 


C = f^K  dP  = K»P, 
•'  s s 


D = [*^K  H dP  = K*B  = H*( 
•'  s s s 


Then , 


KH*P  = D - = (K-B)  - (K-B)P  = K-B  - K-B^  = K- (B  - B^)  = K-(H-P), 

0 0 

and  H*(K*P)  = H*C  - (H*C)*^  = (K-B)  - (K-B)^  = D - = KH-P. 

G C 

In  case  (b),  we  must  simply  replace  KH  by  (K,  H).  For  every  stopping 
time  T,  since  = 0,  we  have 


(KH-y  . j nL 


and 


(H-(K-N))'^  = H1_  • (K-N)"^ 

c ]0,T]  c 


■ "bo.T]  5 • "">■ 


(K-CH-N))"^  = K1,.  - (H-N)"^ 

C JO.TJ  c 


■ ■'bo.T:  • '"ho.T]  a X >■ 


Again,  for  case  (b),  we  replace  KH  by  (K,  H).  Hence,  by  localizing 
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and  stopping,  we  may  assume  that  H and  K are  bounded  and  N is  a square 
integrable  martingale.  We  may  then  use  Definition  1.5  to  define  all 
of  the  integrals,  and  we  shall  write  X = N. 

We  begin  with  ease  (a). 

Let  be  a bounded,  E-valued,  predictable  process  such  that 
H - is  thin  and  = H^.  Then 


where 


H-(K-X)  = H^-(K*X)  + - lim(B"  - (b'^)^) 

n 


b"  = S (H  -h\  A(K-X)  )1 
' 3<t  ^ ^ " {|A(K.X)J  >1} 


= I (H  -h\  K AX  )1 

s^t  " " " " {|K  AX  I > 1} 

^ ' s s'  n' 


Since  KH  - KH^  is  thin  and  KH^  is  predictable  and  bounded,  we  have 


where 


KH*X  = KH^.X  + - lim(c"  - (c'^)^) 


C"  = E (K  H - K h\  AX  )1 

s^t  " " ^ ^ 3 I ^ 1j 

‘ ' s'  n' 


= E (H  -h\  K AX  )1 

s^t  " " " " {|AX  I > 1} 

‘ ' s'  n' 


We  have  seen  in  part  (d)  of  the  proof  of  Theorem  II. 2. 7 that 
H^*(K*X)  = H^K‘X  = KH^ *X,  since  K is  real-valued.  Hence,  we  must  show 


that 
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- limes'^  - (b")P)  = - lim(c"  - (c")^) 


1 

We  have,  assuming  that  H,  K,  and  H are  all  bounded  by  k, 


" - (b")P]  - [c"  - (c'^)P]l^, 

m' 


= e[[b"-c"-(b"-c^)P.  b^-c"-(b"-c")P]  ] 


< 4E[[b"-c",  b"-c”]  ] 


= ^E[  E (A(b”  - c")  )^] 

3<®  ^ 


. IIEC  1 (H  -h',  K AX_)^(1  , -1 

^ " l|''3“3l  >^)  n«si  >it 


S 16k^E[  E Ik  4X  1^(1 
. ' S s' 

S<“ 


l'‘3‘''3l  > 'lliXj  > 1|’  ’ 


= 16k  E[  E (1  -1  )‘^A[K-X,  K-X]  ] 

3<-  iivaI^h'  n»x3i>i} 


- !6k^E[/"(I 


1 "I  1 

{ |K  AX^I  > -}  { |ax  I > -} 

' s s'  n ' s'  n' 


)^d[K-X,  K*x/]. 

s 


By  the  dominated  convergence  theorem,  this  last  expression  converges, 
as  n tends  to  infinity,  to 


4X  |>0}-'{|4X 


s s 
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= 16k  E[  E (1 

S<<” 


(|K  AX J>o}'M|AX J>0} 


,)1 


K AX 

S 3 ' 


= 0, 

since 


for  each  s.  Hence,  H*(K*X)  = KH*X.  We  assert  that 

c c 

K*(H^X)  = H»(K^X).  Let  Y be  a real  bounded  martingale  and  let 
= [Y,  (•,  K*X)].  By  Theorem  II. 4. 8,  we  have  for  every  f in  E, 

(f,  C^)  = [Y,  (f,  K-X)] 

= [Y,  K-(f,  X)] 

= [K*Y,  (f,  X)]. 

Y K*  Y Z Z 

Hence,  C = B , where  B is  defined  by  B = [Z,  (•,  X)],  for  every 

local  martingale  Z. 

Again  by  Theorem  11,4.8,  we  have  [K*(H*X),  Y]  = [H^X,  K*Y]; 
hence , 

[K*(H*X),  Y]  - H*c’*^  = [H-X,  K*Y]  - H»B^'^ 

is  a local  martingale,  zero  at  0,  by  Theorem  4.  Thus,  by  uniqueness, 

K*(H*X)  = H»(K*X),  and  (a)  is  proved.  We  next  consider  case  (c). 
c c 
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Let  be  a real,  bounded,  predictable  process  such  that 

H - is  thin  and  h),  = Then  H^K  may  be  used  to  define  HK*X, 

0 0 c 

We  have 


HK-X  = H^K*X  + - lim(B"  - 

n 


where 


and 


b"  - r ((K  -H  )K  , 4X  )1 

‘ 3St  = ® = = {|SX  I > J-1 

^ ' S'  n^ 


’ 


where 


H-X  = H^-X  + - lim(c"  - (c")'^)  , 

n 


c"  - £ (H  - k')4X  1 , . 

3<t  = = {|4X  I > ll 

‘ ' s'  n' 


Since  is  real,  we  have,  by  Theorem  II. 2. 7 (part  (d)  of  the  proof), 
that 

K-(H^*X)  = H^K-X. 


By  Theorem  1.13.  we  have 

K-(M^  - limCC*^  - (c")P))  = - lim(K*(c"  - (c")^)). 

n n 

However,  K*(c"  - (c"^)^)  = - K*(c”)^  = K*c"  - (K*c")^,  since  K is 

predictable.  We  note  then  that  = B*^.  Hence, 
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K» (H*X) 
c 


1 2 
H K*X  + M 


lim(B 
n 


n 


(b")P) 


HK*X. 

c 


But  we  assert  that  K*(H«X)  = H*(K*X), 

c c 


Let  Y be  a real  bounded  martingale.  Then  by  Theorem  II. 4. 8, 


[K-(H-X),  Y]  - H*[K*X,  Y]  = [H-X,  K-Y]  - H-[X,  K-Y] 

C G 


is  a local  martingale,  zero  at  0,  by  Theorem  III. 4.7.  Hence,  by 


uniqueness,  K*(H*X)  = H*(K‘X). 

c c 


Lastly,  we  come  to  part  (b).  We  again  choose  H such  that 
H - is  thin  and  = H^.  Then  (H,  K)  - (H^  , K)  = (H  - h\  K) 
is  thin,  and  we  have 


where 


(H,  K)^X  = (h\  K)*X  + - lim(B"  - (b”)^)  , 

n 


b"  - Z (H  -h' , K )4X  1 

Sit  = = = = (|4XJ  >1} 


- I (H  -h\  K SX  )1  , , 

Sit  = = = = (|sx  I > 1| 

‘I  s'  n' 


and 


H*(K*X)  = H^*(K*X)  + - liraCc"  - (c")^) , 

n 


c"  = I (H  -H^,  A(K-X)  )1  , 

s^t  ® ® {|A(K.X)J>1} 


= I (H  -h\  K AX  )1 

3<t  ® ® ® ® { |K  AX  I > -} 

' s s'  n 


where 
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By  part  (c)  In  the  proof  of  Theorem  II. 2. 7,  we  have 
(h\  K)*X  = H^*(K*X).  It  follows,  as  in  part  (a),  that 

- lim(B"  - (b'^)P)  = - llm(c"  - (c")^; 

n n 

hence,  (H,  K)*X  = H*(K*X).  On  the  other  hand, 

H»X  = H^*X  + - limCo’^  - (d")^)  , 

n 


where 


d”  = E (H  - hSaX  1 

' 3<t  ^ ^ ^ {|AX, 


> 


Again  by  part  (c)  of  Theorem  II. 2. 7,  we  have  K*(H^*X)  = (h\  K)*X. 
By  Theorem  1.1 3i  we  have 

K.(M^  - lim(D"  - (d'^)P))  = - lira  K-(d"  - (d")P). 

n n 


We  note  that 


k-(d"  - (d")P)  = k-d"  - (k*d")P 

and 

= b"; 

hence,  K*(H*X)  = (H,  K)*X,  and  the  theorem  is  complete, 
c c 

W'e  refer  the  reader  back  to  the  proof  of  part  (d)  of  Theorem 
II. 2. 7 and  note  that  it  is  now  complete,  by  taking  H to  be  predictable 
in  part  (a)  of  Theorem  9. 


CHAPTER  VI 

THE  OPTIONAL  STOCHASTIC  INTEGRAL  ON  NUCLEAR  SPACES 

In  this  chapter,  we  shall  apply  the  optional  Integrals  defined  In 
Chapters  III,  IV,  and  V to  the  new  setting  of  a nuclear  space.  Since 
every  nuclear  space  Is  (a  subspace  of)  the  projective  limit  of 
separable  Hilbert  spaces,  the  optional  Integrals  will  naturally  extend 
to  this  new  setting.  We  shall  need  several  results  on  the  theory  of 
nuclear  spaces,  for  which  we  shall  refer  to  Pletsch  [12]  and  Treves 
[U]. 


1 . Notations 

Throughout  this  chapter,  we  adopt  the  setting  of  Ustanel's  paper 
[15],  which  develops  the  theory  of  the  predictable  stochastic  Integral 
on  nuclear  spaces. 

<I>  will  denote  a locally  convex,  reflexive,  complete, 
bornological,  nuclear  space  whose  topological  dual  Is  complete  and 
nuclear  under  Its  strong  topology,  denoted  by  $ and  are  then 

projective  limits  of  separable  Hilbert  spaces.  We  may  then  choose 
neighborhood  bases  Uj^(<I>)  and  of  ^ respectively,  such 

that  the  following  propositions  are  all  satisfied. 

1 PROPOSITION. 

(a)  For  every  U In  the  quotient  space  $(U)  = 'I'/N(U), 

where  N(U)  = (x  e P^^Cx)  = o}  and  P^_^(x)  = Infjs  >0:  x e 5U} , 
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is  a separable  Hilbert  space  under  the  norm  induced  by 

P • 

u 

(b)  $ has  the  least-fine  topology  such  that  each  canonical  mapping 
k(U),  from  $ onto  $(U),  is  continuous. 

(c)  If  V and  U are  in  and  V c U,  then  the  canonical  mapping 

k(U,  V)  from  $(V)  onto  $(U)  is  nuclear. 

2 PROPOSITION. 

(a)  For  every  U in  the  quotient  space  $\u)  = <I>Vn(U), 

where  N(U)  = {x  e " inf  {6  >0:  x e 6U} , 

is  a separable  Hilbert  space  under  the  norm  Induced  by  p . 

u 

(b)  has  the  least-fine  topology  such  that  each  canonical  mapping 
k(U),  from  onto  $\u),  is  continuous. 

(c)  If  V and  U are  in  and  V c U,  then  the  canonical  mapping 

k(U,  V)  from  4>\v)  onto  il>\u)  is  nuclear. 


3 PROPOSITION.  For  every  U in  U^(<I>),  the  dual  of  $(U)  is 
(isometrically  isomorphic)  to  the  separable  Hilbert  space 

= {x  e x e 6U*^  for  some  6 > o} 

having  norm  p where  U°  is  the  polar  of  U.  Moreover,  $(U)  and 
u 

<I)^CU°]  are  put  in  duality  by  <[b],  x>  = <b , x>,  where  b is  a 
representative  of  the  equivalence  class  [b]. 
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Since  $ is  reflexive,  we  also  have  the  following  result. 

4 PROPOSITION.  For  every  U in  u the  dual  of  $\u)  is 

h b 

(isometrically  isomorphic)  to  the  separable  Hilbert  space 

0 0 
$[U  ] = (x  e $:  X e for  some  6 > o} 

having  norm  p , where  is  the  polar  of  U.  Moreover,  $\u) 
u 

and  $[U^]  are  put  in  duality  by  <[b],  x>  = <b , x>,  where  b is  a 
representative  of  the  equivalence  class  [b]. 

We  point  out  that  we  may  define  $(U)  (reap.  and  p 

u 

for  any  closed,  absolutely  convex,  zero  neighborhood  U of  $ (resp. 

Moreover,  we  may  define  $[V]  (resp.  for  any  closed, 

absolutely  convex,  bounded  subset  V of  $ (resp.  ) . 

Lastly , we  have 

5 PROPOSITION. 

(a)  The  set  K^(*!>)  = {u*^:  U e ^ fundamental  system  of 

(closed,  absolutely  convex)  bounded  sets  in  4>. 

(b)  The  set  = {u^:  U e U^(<I>)}  is  a fundamental  system  of 

(closed,  absolutely  convex)  bounded  sets  in 

2.  Processes  in  Nuclear  Space 
In  this  section,  we  define,  according  to  Ustanel  [15],  the 
concept  of  a projective  system  of  stochastic  processes  in  . We 
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shall  also  strengthen  his  result  on  the  existence  of  a limit  in 
of  a projective  system  of  square  integrable  martingales. 

1 DEFINITION.  The  set  X = {x'^:  U e called  a projective 

system  of  semimartingales  (resp.  local  martingales,  martingales, 
processes  of  finite  variation,  etc.)  if  the  following  conditions  hold: 

(i)  For  every  U in  X^  is  a <i>\u)-valued  semimartingale 

(resp.  local  martingale,  martingale,  process  of  finite 
variation,  etc.) . 

(11)  If  V G U and  V e then  k(U,  V)x'^  and  x"^  are 

indistinguishable. 

We  point  out  that  X^  is  assumed  to  be  cadlag  in  the  strong 

topology  of  $\u),  for  every  U in  U,  ($^). 

n D 

2 DEFINITION.  Let  X = (x^:  U e U^(<I'^)}  be  a projective  system  of 

semimartingales.  We  say  X has  a limit  in  if  there  exists  a weakly 

adapted  mapping  X^  : R x p such  that  for  every  U in  U ($^). 

h b ’ 

k(U)X^  is  a modification  of  X*^. 

3 THEOREM.  Let  M = U e ^ projective  system  of  square 

integrable  martingales  and  let  be  a limit  in  of  M.  There  exists 
a limit  in  of  M,  N^ , such  that  N^  is  strongly  cadlag  in  and  for 
every  U in  Uj^(<I>^),  k(U)N^  and  are  indistinguishable. 

Proof:  Let  x e $.  Then  x e <t[U°],  for  some  U e U,  ($]^).  By 


Proposition  1.4,  we  have  for  every  t. 
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(3.1)  ” <k(U)M|.,  x>  = a.s. 

1 2 

Hence,  <M  , x>  has  a modification  in  M , the  Hilbert  space  of  real, 
(cadlag),  square  integrable  martingales  (in  which  indistinguishable 
processes  are  identified). 

2 

We  define  a mapping  T :<!>-»■  M such  that  for  every  x e 4>,  T(x)  is 
1 2 

the  modification  of  <M  , x>  which  is  in  M . T is  well-defined,  since 

2 

modifications  in  M are  indistinguishable  by  right  continuity. 
Moreover,  by  (3.1),  we  have 

(3.2)  T(x)  = <m'^,  x>,  where  U is  any  set  in  U,  ($1)  such 

h b 

that  X £ <{>[11^]. 

T is  clearly  linear,  since  <m\  •>  is  a linear  mapping.  We  assert 
that  T is  continuous. 

Suppose  (x  ) converges  to  x in  $[U°],  where  U e U,  ($1).  By 
n ■-  -1  * h b 

(3.2) ,  we  have 


(T(x  ))  - (T(x))  I = X -x> 

00  00 1 ® n 


s im*^!  |x  -xI 

$ (u)  " $CU°] 


Since  (x^  - x)  converges  to  0,  the  sequence  is  bounded  in  norm  in 

$[U°].  Hence,  by  the  dominated  convergence  theorem,  ((T(x  ))  ) 

n “ 

2 

converges  to  (T(x))  in  L . Hence,  (T(x  ))  converges  to  T(x)  in 

CO  n 

2 0 
M and  T is  continuous  on  $[U  ]. 
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Next,  suppose  B is  bounded  in  $.  By  Proposition  1.5,  Be  u'^, 

for  some  U e Then  B c and  B is  still  bounded  in 

$[U*^],  since  for  every  x in  B,  p (x)  $ 1. 

u 

Since  T is  continuous  on  $[U  ] and  B is  bounded  in  $CU^],  T(B)  is 
2 

bounded  in  M . Hence,  T maps  bounded  sets  into  bounded  sets  which 
means,  since  $ is  bornological,  that  T is  continuous  on  $.  Since  T is 
a continuous,  linear  mapping  of  a nuclear  space  into  a Banach  space,  T 
is  a nuclear  mapping  [14,  50.1].  Thus,  according  to  Treves'  [14] 
Proposition  47.2,  T has  the  following  representation: 


(3.3)  T(x)  = 1 A <xl , x>M^ , 

i = 1 ^ 


1 15 

where  E |aJ  < »,  (xl)  is  equicontinuous  in  $ , and  (M^ ) is  a bounded 
i = 1 

2 

sequence  in  M . 

Then  (x] ) c for  some  V e U.  (<5).  We  then  let 


(3.^0 


N (w)  = E A.x^M^(w) 

CO  1 1 00 

i=1 


Since  p (x . ) ^ 
o 1 

V 


for  each  i,  we  have 


E[  E 
i=1 


|a^x^m^|  0 ^ ^ 

$'[v^] 


E[  E 
i=1 


|M^;|] 


= E 
i = 1 


Ui|EC|M^|] 


238 


S 2 l»ilKl  2 

i=1  L 


< 


i 2 

since  (M  ) is  bounded  in  M and  Z |x  | < 

i = 1 ^ 

Hence,  N is  defined  (a.s.)  and  is  an  integrable 
00 

valued  random  vector.  Moreover,  N is  square  integrable  since 


K\  2 10-^  2 1 0 


^ ^ hilKI  2 

i=1  L 


< ® . 


We  let  be  a cadlag  version  of  the  [V*^]-valued  square  integrable 


martingale  E(N^|f^). 


In  the  same  manner  as  N , we  may  define  F -measurable,  $ [v  ]- 

t 

valued,  square  integrable  random  vectors  N by 

u 


- E J.xIm:. 

1.,  1 ‘ t 


We  assert  a.s.  For  every  [b]  in  (J)(V),  we  have,  by  Proposition 

1.3, 


<N^,  [b]>  = <E(N  IFJ,  [b]>  a.s. 

t 00  ' t 
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= E(<N  , [b]>|Fj 

CO  I 

= E(<N  , b>|Fj 
00  I t 

00 

= E(  z A ,<xl  , b>M^ I F^) 

i=1  ^ ^ ^ 

= E((T(b))  |fJ 
00  I t 

= (T(b))^  a.s. 

00 

= <N^,  [b]>. 

Letting  [b]  range  through  a countable  norming  set,  we  obtain  = N 

t t 

a. 3, 

We  then  inject  into  and  we  denote  the  resulting  mapping 

also  by  n\  We  now  have  the  required  limit. 

If  U e bounded,  c 6U  for  some  6 > 0. 

Thus,  p^  ^ 6 . Since  is  cadlag  in  $[V^],  with  respect  to  the 

^ o 

V 

norm  p N will  also  be  cadlag  in  since  convergence  with  respect 

V 

to  p implies  convergence  with  respect  to  p for  every  U in 

yP  u h b 

is  weakly  adapted,  since  for  every  x in  <I>,  <N^,  x>  = <N  , x> 

V U 


a.s.,  for  every  t . 
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We  must  lastly  show  that,  for  every  U in  U,  ($^),  k(U)N^  and  m'^ 

h D 

are  indistinguishable.  Let  x e 3>[u'^].  By  Proposition  1.4,  we  have 
for  each  t 

<k(U)N^,  x>  = <N^,  x> 

= <N  , x>  a .s . 


= (T(x))^ 

= x>  a.s. 

Thus,  k(U)N^  = a.s.  in  the  separable  space  Hence,  k(U)N^ 

is  a modification  of  m'''.  However,  is  right  continuous  and  k(U)  is 
continuous,  by  Proposition  1.2  (b);  hence,  k(U)N^  is  right  continuous. 
Since  is  also  right  continuous,  we  have  that  k(U)N^  and  are 
indistinguishable . 

The  proof  of  Theorem  3 shows  that  the  limit  actually  takes 
values  in  a separable  Hilbert  space  $''[1/*^],  for  some  V e It 

immediately  follows  that  any  such  limit  satisfying  Theorem  2 will  also 
take  values  in  We  state  this  result  as  the  following: 

4 COROLLARY:  Let  be  a strongly  cadlag  limit  in  of  a projective 

system  M = {m^:  U e of  square  integrable  martingale  such  that, 

for  every  U in  1<(U)M^  and  are  Indistinguishable.  Then, 

outside  of  an  evanescent  set,  takes  values  in  for  some 

V e U^($). 
h 
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Proof : By  Theorem  3.  we  know  there  exists  a strongly  cadlag  limit  in 

of  M,  n\  taking  values  in  for  some  V e such  that 

k(U)N"'  and  are  indistinguishable  for  every  U in  U,  ($1). 

h b 

Let  X e $.  Then  x e 4>CU*^]  for  some  U e U.  ($1),  Then  outside  of 

h b 

an  evanescent  set 

(4. 1 ) <n\  x>  = <k(U)N^  , x> 


= <M^,  x> 

= <k(U)M^ , x> 
= <M^  , x>. 


Let  ([b^])  be  a countable  basis  of  the  separable  Hilbert  space  $(V), 
where  b^  e <I>  is  a representative  of  the  equivalence  class  [b^]. 
Outside  of  one  evanescent  set  we  have,  by  (4.1),  that 

<m\  b > = <n\  b >,  for  every  n. 
n n ^ 

Since  takes  values  in  the  dual  of  $(V) , may  also  be 

defined  on  $(V)  by 

<m\  ° ’ '^n^'  each  n. 

Then,  outside  of  an  evanescent  set,  we  have  for  each  n 


<M^ , [b^]>  = <N^ , b^> 

= <n\  [b^]> 
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and  <M  , •>  is  a continuous,  linear  mapping  on  $(V).  Hence,  outside 
of  an  evanescent  set,  takes  values  in  the  dual  of  $(V),  which  is 


5 REMARKS.  Corollary  4 also  proves  the  uniqueness  of  the  limit 

in  Theorem  3-  For  suppose  that  and  are  strongly  cadlag  limits 

in  <j>^  of  the  projective  system  M such  that,  for  every  U in  U ($^), 

h b 

^ u 1 

k(U)M  and  k(U)N  are  indistinguishable  from  M . Then  M takes  values 

in  4'''[V^]  and  n"*  takes  values  in  (up  to  an  evanescent  set),  for 

some  V and  V in  U (4>) . We  may  then  choose  V in  U^($)  such  that  V is 
1 2 h •'  h 

contained  in  both  and  V^.  Then  M^  and  both  take  values  in 

As  in  line  (4.1),  we  obtain  for  every  x e $ 

(5.1)  <N^ , x>  = <M^ , x>. 


outside  of  an  evanescent  set.  We  then  let  ( [b  ])  be  a countable 

n 

norming  set  in  $(V)  for  Then,  outside  of  one  evanescent  set, 

we  have 


<N^ , [b  ]>  = <n\  b > 
n ’ n 


= <M  , b > 
n 


= <M  , 


for  each  n.  Hence,  and  are  indistinguishable  in  with 


respect  to  the  norm  p 

o 

V 
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Then  If  U e since  is  bounded  in  V*^  c 6U,  for 

some  6 > 0.  We  then  have,  outside  of  an  evanescent  set  depending  only 

on  p , that 
o 

V 

p^(N^  - M^)  < 6p  (N^  - M^)  = 0. 

V 

Hence,  M**  and  remain  indistinguishable  in  <J>\ 

We  point  out  that  a hypothesis  of  Theorem  3 is  that  the 
projective  system  M already  has  a limit,  in  the  sense  of  Definition 
2.  The  next  theorem  will  eliminate  that  hypothesis. 

6 THEOREM.  Let  M = {m*^;  U e ^ projective  system  of  square 

integrable  martingales.  Then  M has  a limit  in 

Proof:  We  shall  use  an  argument  similar  to  Theorem  3.  Let  t be 

fixed.  We  define  a mapping  T from  $ into  L^(P,  F , P,  R)  by 

T(x)  = <M^,  x>, 

where  U is  any  set  in  such  that  x e $[U°]. 

We  must  verify  that  T is  well-defined.  If  V is  another  set  in 

U.  such  that  x e $[V°],  we  may  choose  W e U^(<I>1)  such  that  W is 

HD  no 

contained  in  both  U and  V.  Then  x e •I'CU^]  c <J>[W*^]  and  it  suffices  to 
show  <M^,  x>  = <M^,  x>.  Since  the  equivalence  classes  M and 
k(U,  W-)m'^  have  the  same  representative  in  and  k(U,  W)M*^  is 
indistinguishable  from  m'^,  we  have 


<M^,  x>  = <k(U,  W)M^,  x> 


w 

= <M^,  x>  a.s. 

u w 2 

Hence,  <M. , x>  = <M  , x>  in  L and  T is  well-defined. 

Similarly,  if  x e $[U*^]  and  y e $CV*^],  we  choose  W contained  in 
both  U and  V;  then  for  every  scalar  a,  ax  + y e and 


w 

T(ax  + y)  = <M^,  ax+y> 

= a<M^,  x>  + <m\  y> 

u u 

= a<M^,  x>  + <M^,  y> 


= aT(x)  + T(y) . 


Hence,  T is  linear.  To  show  T is  continuous,  it  suffices,  as  in 
Theorem  3i  to  show  T is  continuous  on  <I>[U^],  for  every  U e 
If  (x^)  converges  to  x in  $[U*^],  then 


|t(x^)  - T(x)|  = |<M^,  x^-x>| 


ImI^I  |x  -xI  ^ . 

^ $^U)  " $[U°] 


Hence,  by  the  dominated  convergence  theorem,  (T(x^))  converges  to  T(x) 
2 0 

in  L . T is  then  continuous  on  $[U  ] and  hence  on  all  of  $.  T is 
then  a nuclear  mapping  and  has  the  following  representation: 


T(x)  = Z X <x! , x>M^, 
i = 1 ^ ^ 
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where  E |A.|  < ”,  (xl)  is  equicontinuous  in  and  (mJ ) is 
i = 1 ^ 

in  L^(q,  F^,  P,  R). 

We  choose  V e such  that  (x] ) c V*^.  We  then  let 

h 1 — 


1 1 i 

M.  = I x.x,m:. 

^ i=1  ^ ^ ^ 


Since  p q(x1)  ^ 1 for  each  i,  we  have 


E[  £ , c ] S E h,|E:|M‘|] 

i=1  ^ ^ ^ $ [v*^]  i=1  ^ ^ 


< ®. 


Hence,  the  sum  m|.  is  absolutely  convergent,  and  thus  defined, 
surely  in  $[V°].  We  then  inject  mJ.  into  and  we  denote  the 

resulting  mapping  again  by  . 

is  then  weakly  F^-measurable , since  for  every  x e $, 
<M^ , x>  = T(x)  a. 3.  Lastly,  we  must  show  that  k(U)Mj  = a. 

u u u 

every  U e If  x e <J>[U®],  then 

<k(U)Mj.,  x>  = <mJ.,  x> 

= T(x)  a.s. 

= <M^,  x>. 

Hence,  k(U)M^  and  remain  equal  a.s.  in  the  separable  space 


bounded 


almost 


3 . , for 


<tVu). 


2H6 


Combining  Theorem  3 and  6 and  Remark  5,  we  have 

7 THEOREM.  Every  projective  system  M = {m'^:  U e U,  (<I>^)}  of  square 

h b 

integrable  martingales  has  a unique  strongly  cadlag  limit 

in  4>^  such  that,  for  every  U e U,  ($1),  k(U)M^  is  indistinguishable 

h b 

from  M^. 

In  the  case  of  Theorem  7,  we  often  denote  both  the  projective 
system  and  its  limit  by  M. 

We  conclude  this  section  with  some  additional  definitions. 

8 DEFINITION.  Let  X = {x'^:  U e and  Y = {y^:  U e 

h b h b ' 

be  projective  systems  of  processes.  We  say  X and  Y are 

indistinguishable  (resp.  equivalent)  if  x"^  is  indistinguishable  from 

(resp.  is  a modification  of)  Y^,  for  every  U e U ($^). 

h b 

9 DEFINITION.  Let  X = {x*^:  U e U^($l)}  and  Y = {y^:  U e U^($l)}  be 

‘ h b ^ ‘ h b ■' 

projective  systems  of  processes  and  let  T be  a stopping  time. 

(a)  We  define  the  set  X + YbyX+Y  = {x^  + Y^:  U e Uj^(l>^)}. 

(b)  We  define  the  set  X^  by  X^  = l(x'^)^:  U e U^($l)}. 

h b 

T 

It  is  obvious  that  X + Y and  X are  projective  systems. 

10  LEMMA.  If  X = (x*^:  U e ^ projective  system  of  cadlag 

processes,  then  AX  = |ax'^:  U e is  ^ projective  system. 
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Proof:  If  U and  V are  In  U^($^)  with  V c U,  we  have,  outside  of  an 

evanescent  set,  that  k(U,  V)X^  = Since  k(U,  V)  is  continuous  and 

linear,  we  have  k(U,  V)AX^  = Ax"^. 

3.  Projective  Systems  of  Optional  Integrals 

We  now  naturally  extend  the  optional  integrals  defined  in 

Chapters  III  and  IV  to  projective  systems  of  semimartingales.  Many 

properties  of  the  resulting  projective  systems  will  be  obvious,  since 

they  reduce  to  properties  of  the  optional  integral  in  Hilbert  space. 

For  every  U in  U,  (<I>1),  we  shall  identify  the  separable  Hilbert 
n D 

spaces  $\u)  and  which  are  isometrically  isomorphic  by 

Proposition  1.4.  We  shall  continue  to  use  <•,  •>  to  represent  the 
inner  product  in  these  spaces. 

1 THEOREM.  Let  X = {x'^:  U e ^ projective  system  of 

special  semimartingales.  Let  H be  a real  optional  process  such 

that  H e L^CX*^)  for  every  U e Then  the  set 

0 h b 

H^X  = {H'X*^:  U e is  s projective  system  of  semimartingales. 

H^X  is  called  the  optional  stochastic  integral  of  H with  respect 

to  X and  we  denote  (H*X)'^  = H*X^,  for  every  U e 

c c h b 

If  H is  locally  bounded  and  predictable,  we  write 
H*X  = {h«x'^:  U e snd  we  may  take  X to  be  a projective  system 

of  semimartingales. 

Proof:  Let  V and  U be  in  with  V c U.  Let  x e <I>CU°]  c $[V°]. 

Since  the  equivalence  classes  k(U,  V)H*x'^  and  H*X^  have  the  same 
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, representative  in  the  equivalence  classes  x'  and  k(U,  V)X^ 

1 V 

have  the  same  representative  in  $ , and  k(U,  V)X  is  indistinguishable 
from  x"^,  we  have,  by  Corollary  III.  3.4, 

<x,  k(U,  V)H*X^>  = <x,  H*x'^> 
c c 

= H*<x,  X^> 
c 

= HKx,  k(U,  V)X^> 

= H*<x,  X^> 
c ’ 

= <x,  H‘X^>, 
c 

outside  of  an  evanescent  set.  Hence,  in  the  separable  space  $Vu), 

k(U,  V)H*X^  and  H*X^  are  indistinguishable  and  H*X  is  a projective 
CO  c 

system  of  semimartingales. 

If  H is  locally  bounded  and  predictable  and  X is  a projective 
system  of  semimartingales,  we  may  use  the  same  proof,  by  replacing 
optional  integrals  with  predictable  integrals,  using  Theorem  II. 2. 6. 

2 REMARKS. 

(a)  If  H is  locally  bounded  and  predictable  and  X is  a projective 
system  of  special  semimartingales,  then  H-X  is  a projective 
system  of  special  semimartingales. 

(b)  If  X is  a projective  system  of  square  integrable  martingales 

and  H e Lq(X^)  , for  every  U e then  H*X  is  also  a 

projective  system  of  square  integrable  martingales.  Hence,  by 
Theorem  2.7,  H^X  has  a unique  limit  in 
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(c)  Suppose,  for  every  U e canonical  decomposition 

x'^  = Xq  + + A^,  where  m'^  is  a local  martingale  of  integrable 

variation,  and  is  a predictable  process  of  Integrable 
variation,  and  suppose  H is  bounded.  Then 

H-x'^  = HqXq  + - (H-M^)P  + H.a'^ 

is  also  of  integrable  variation.  Hence,  H*X  again  has  a limit 
in  [15,  II. 2]. 

An  immediate  consequence  of  Definitions  2.8  and  2.9  is  the 
following  result. 

3 THEOREM.  Let  X = {x^:  U e ^ projective  system  of 

special  semimartingales  and  let  H be  a real,  optional  process  such 

that  H e L^Cx"^)  for  each  u e U ($^). 

0 h b 

(a)  If  K is  another  real,  optional  process  such  that  K e L,q(X^) 

for  each  U e then  (H  + K)*X  and  H-X  + K-X  are 

h b c c c 

indistinguishable. 

(b)  If  Y is  a projective  system  of  special  semimartingales  and 

H e L (Y^)  for  each  U e then  H*(X  + Y)  and  H*X  + H*Y 

u h b c c c 

are  indistinguishable. 

(c)  If  T is  a stopping  time,  then  the  projective  systems  (H*X)^, 

T 

H1j-q  .p-j  • X,  and  H*X  are  indistinguishable. 
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Proof ; By  Theorems  and  III. 4. 2,  we  have  for  every 

U E up  to  indistinguishabillty , 

(a)  ((H  + K)»X)^  = (H  + K)*x’^ 

G C 

= H-X*^  + K*X^ 

G C 

= (H-X)'^  + (K^X)"^ 

G 0 

= (H*X  + K*X)^. 

G C 

(b)  (H*(X  + Y))^  = H-(X^  + Y^) 

G C 

= H*X^  + B'Y*^ 

G C 


= (H*X)^  + (H-Y)'^ 

G G 


= (H*X  + H*Y) 

G C 


(g)  ((H-X)"^)^  = (H-X*^)"^ 

G G 


° ^^[o,T]  a ^ 


■ <"’:o,T]  5 « • 


and 


((H-X)'^)’^ 

0 


(H-X*^)^ 

c 


H • (X^)"^ 

G 


(H-x'^)’^. 

G 


We  now  give  the  deoomposition  theorem  for  a projeotive  system  of 


looal  martingales. 
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4 THEOREM.  Let  X = {x^:  U e be  a projective  system  of 

local  martingales.  Then  the  sets  x'^  = {(x'^)'^:  U e U,  ($!')}  and 

h D 

X°  = {(x’^)°:  U E projective  systems  and  X = X°  + X^. 

Proof ; It  is  clear  that  X = X°  + X^.  Let  V and  U be  in  U.  ($]_) 


with  V c U. 


We  let  J = 1 and  H = 1 .By  Theorem 

{p^(Ax'^)^0}  {p^(Ax'^)^0} 

V d V 

III. 5. 5,  (X  ) = H*X  . Since  H is  bounded  and  optional,  we  have,  by 

Theorem  1,  k(U,  V)(X^)*^  = k(U,  V)H^X^  = Thus,  we  must  show 

H-X*^  = (X^)'^.  Since  (x'^)^  = J-X*^,  it  suffices  to  show 
H^X*^  - J-X*^  = (H  - J)  • X*^  = 0.  We  let  L = H - J.  Since  X*^  and 

V 

X are  cadlag,  L is  thin.  Moreover,  since  X is  a projective  system, 
k(U,  V)Ax'^  is  indistinguishable  from  AX^. 

Then  for  every  bounded  $\u  )-valued  martingale  Y 


dCx“,  Y]  = E L A[X^,  Y] 

3 S ..  S 3 

S^t 

= E L <Ax'^,  AY  > 

3<t  ® ® ^ 

= j:  [1  „ -1  „ ]<AX^,  AY  >. 

s^t  {p^(AXg)^0}  {p^j(k(U,  V)AXg)*0}  ® ^ 

For  each  s,  if  p (AX^)  = 0,  then  the  summand  is  0,  since 

LI  S 

<AX^^,  AY  > =0. 
s 3 
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Suppose  p (AX'^)  0.  Then,  since  V c U,  we  have  p < p and 

us  — ’ u V 

0 < p (AX^) 
u s 

= P (k(U,  V)Ax"^) 
u s 

S p^(k(U,  V)4X^) 

hence , 

1 -1  =0. 

{Py(AXg)^0}  {p^(k(U,  V)AXg)*0} 

Thus,  /’^L  d[X^,  Y]  = 0 and  [0,  Y]  - L-[X^,  Y]  = 0 is  a local 
martingale  which  is  zero  at  0.  By  Theorem  III. 3. 3,  L*X^  = 0.  Hence, 
k(U,  V)(x'^)'^  = (X^)^  and  X*^  is  a projective  system.  Since 

k(U,  V)(x'^)°  = k(U,  V)(X^  - (x'^)^) 

= X^  - (X’^)^ 

= 

Q 

X is  also  a projective  system. 

In  the  same  manner  as  Theorem  1 , we  shall  now  extend  the  optional 
integral  of  Chapter  IV  to  a projective  system. 

5 THEOREM.  Let  H = |h'^:  U e ^ projective  system  of 

locally  bounded,  optional  processes  and  let  X be  a real  special 
semimartingale.  Then  the  set  H*X  = {h'^*X;  U e is  a projective 


system  of  semimartingales. 
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H*X  is  called  the  optional  stochastic  integral  of  H with  respect 


to  X and  we  denote  (H*X) 

c 


H^*X,  for  every  U e U.  ($^). 
c h b 


If  H is  a projective  system  of  locally  bounded,  predictable 

processes,  we  write  H*X  = {h^*X;  U g ^ ($])}  and  we  may  take  X to  be 

n D 

an  arbitrary  semiraartingale . 

Proof:  Let  V and  U be  in  with  V c U.  Let  x e $[0°]  c i>[V°]. 

Since  the  equivalence  classes  k(U,  V)(H^*X)  and  H^*X  have  the  same 

c c 

representative  in  the  equivalence  classes  and  k(U,  V)H^  have 

the  same  representative  in  and  k(U,  V)  is  indistinguishable  from 
H^,  we  have,  by  Corollary  IV. 3. 2, 


<x,  k(U,  V)(H^-X)>  = <x,  H^-X> 


<x,  H > • X 
c 


<x,  k(U,  V)H  > • X 


<x,  H > • X 
c 


<x,  H *X>, 
c ’ 


outside  of  an  evanescent  set.  Hence,  in  the  separable  space  $Vu), 
k(U,  V)H^^X  and  h'^^X  are  indistinguishable  and  H^X  is  a projective 
system  of  semimartingales. 

If  H is  a projective  system  of  locally  bounded,  predictable 
processes  and  X is  a semimartingale,  we  may  use  the  same  proof,  by 
replacing  optional  integrals  with  predictable  integrals,  using  Theorem 


II. 2. 6. 
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6 REMARKS. 

(a)  If  H is  a projective  system  of  locally  bounded,  predictable 
processes  and  X is  a special  semimartingale,  then  H*X  is  a 
projective  system  of  special  semimartingales. 

(b)  If  X is  a square  integrable  martingale  and  h’^  e Lq(X),  for  each 

U e then  H^X  is  a projective  system  of  square 

Integrable  martingales,  for  which  there  is  a unique  limit 

in  by  Theorem  2.7. 


(c)  If  X has  canonical  decomposition  X = X^  + M + A,  where  M is  a 

local  martingale  of  integrable  variation,  and  A is  a 

predictable  process  of  Integrable  variation,  and  is  bounded 

for  each  U e then 

h b 


h'^^x  = hV  + h'^-M 

c 0 0 


(H^M)P 


+ H^*A 


is  also  of  integrable  variation.  Hence,  H*X  again  has  a limit 
in  [15,  II. 2]. 

We  may  immediately  obtain  a result  analogous  to  Theorem  3. 


7 THEOREM.  Let  H = {h'^:  U e be  a projective  system  of 
locally  bounded,  optional  processes  and  let  X be  a real  special 
semimartingale. 


(a)  If  K = {k*^:  U e a projective  system  of  locally 

bounded,  optional  processes,  then  (H  + K)  • X and 

c 

H*X  + K*X  are  indistinguishable. 

C G 
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(b)  If  Y is  a real  special  seraimartingale , then  H* (X  + Y)  and 

c 

H*X  + H*Y  are  indistinguishable. 


(c)  If  T is  a stopping  time,  then  Hlj-^  U e 

T T 

is  a projective  system  and  HU-  • X,  H*X  , and  (H«X)  are 
all  indistinguishable. 


Proof ; By  Theorems  IV. 4.1  and  IV. 4. 2,  we  have  for  every 
U e up  to  indistinguishability , 

(a)  ((H  + K)  • X)’^  = (h'^  + K^)  • X 

c c 

= H^*X  + K^*X 

G C 

= (H-X)'^  + (K*X)^ 
c c 

= (H*X  + K*X)^. 
c c 

(b)  (H  • (X  + Y))^  = h’^  • (X  + Y) 

c c 

= h’^*X  + H^*Y 
c c 

= (H-X)*^  + (H-Y)'^ 
c c 

= (H*X  + H*Y)^. 
c c 

(c)  If  V E and  V c U,  then  k(U,  V)(h'^1j-q  = 

• (k(U,  Moreover, 

((H-X)"^)”  = (h'^-X)'^ 
c c 
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and 


8 REMARKS.  Theorems  1 and  5 simply  define  projective  systems.  If 
desired,  we  may  characterize  these  systems  in  the  following  manner: 
In  the  case  of  Theorem  1 , 

(a)  H*X  is  the  unique  (up  to  indistinguishability)  projective 
system  such  that,  for  every  U e 

h b 

[(H.X)^,  Y]  - H-CX"^,  Y] 

is  a local  martingale  which  is  zero  at  0,  for  every  bounded, 
<J)\u)-valued  martingale  Y. 

In  the  case  of  Theorem  5, 

(b)  H^X  is  the  unique  (up  to  indistinguishability)  projective 
system  such  that,  for  every  U e 

(H-X)'^Y  - h'^-CX,  Y] 

is  a local  martingale  which  is  zero  at  0,  for  every  real 


" Vo,T]  c ^ 


^“^[0,T]  c ’ 


u T 
(H^X)' 


u T 
H • X 
c 


(H-x"^)^. 

c 


bounded  martingale  Y. 


257 


Using  the  associativity  properties  of  Theorem  III. 4. 4 and  IV. 4. 4, 
we  immediately  obtain  the  following  result. 

9 THEOREM. 

(a)  Let  X = {x*^:  U e ^ projective  system  of  special 

semimartingales.  Let  H be  a real,  locally  bounded,  optional 

process  and  let  K be  a real,  locally  bounded,  predictable 

process.  Then  HK*X  = H- (K-X)  = K-(H-X),  as  indistinguishable 
c c c 

projective  systems. 

(b)  Let  H = {h'^:  U e ^ projective  system  of  locally 

bounded,  optional  processes.  Let  X be  a real  special 

semimartingale  and  let  K be  a real,  locally  bounded, 

predictable  process.  Then  HK*X  = H*(K*X)  = K*(H*X), 

c c c 

as  projective  systems. 

(c)  Let  K = {k*^:  U e ^ projective  system  of  locally 

bounded,  predictable  processes.  Let  X be  a real  special 
semimartingale  and  let  H be  a real,  locally  bounded,  optional 
process.  Then  HK^X  = H^(K*X)  = K«(H*X),  as  projective  systems. 

Proof; 

(a)  For  every  U e U.  ($^), 

h b 

(HK-X)'^  = HK-X^ 
c c 

= H-(K-x’^) 
c 
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= H*(K*X)'^ 
c 

= (H-(K-X))^, 
and 

(HK*X)^  = HK^X*^ 

G C 

= K-(H-X*^) 
c 

= K*(H*X)^ 
c 

= (K.(H.X))'". 

0 

(b)  We  first  note  that  HK  = (h^K:  U e U,  ($].)}  is  a 

h b 

system  of  locally  bounded,  optional  processes. 

(HK‘X)^  = h\*X 
c c 

= h'^*(k*x) 

C 

= (H-(K-X))‘^, 

and 

(HK»X)’^  = h\-X 
c c 

= K*(H^'X) 
c 

= K*(H*X)’^ 
c 

= (K-CH-X))"". 
c 


projective 
Then  for  every 


The  proof  of  (c)  is  similar  to  (b) . 
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Let  M be  a projective  system  of  square  integrable  martingales. 

By  Theorem  2.7,  M has  a unique  limit  in  , which  we  also  denote  by 

1 

M.  M is  then  simply  called  a square  integrable  martingale  in  <j>  . We 
let  M($^)  be  the  set  of  square  integrable  martingales  in  Ustanel 
[15]  showed  that  M($^)  is  a complete,  reflexive,  locally  convex  space 
under  the  topology  induced  by  the  seminorms 

g^(M)  = (E[lM^|^])^^^  U e 

where  |m"|  means  the  norm  of  in  $\u). 

We  may  then  immediately  obtain  convergence  theorems  for  the 
optional  integrals  in  M($S. 

10  THEOREM. 

(a)  Let  M be  a square  integrable  martingale  in  Let  (H*^)  be  a 

sequence  of  real,  uniformly  bounded,  optional  processes  which 

converge  pointwise  to  H.  Then  (H  *X)  converges  to  H*X  in 

c c 

(b)  Let  H be  a real,  bounded,  optional  process.  Let  (M  ) be  a 

sequence  of  square  integrable  martingales  converging  to  M in 

Ik  1 

M($  ).  Then  (H*M  ) converges  to  H*M  in  M($  ). 
c c 

Proof; 

(a)  For  every  u e U.  ($^), 

h b 

g (H%  - H-M)  = g,  ((H*^  - H).M) 
u c c u c 
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M 

$ ' (u) 


= 1(H  - H)-M^ 


M 


$ (u) 


Thus,  11m  g (H  *M  - H*M)  = 0,  by  Theorem  III. 1.6  (a), 
k 

(b)  The  result  follows  from  Theorem  III. 1.6  (b),  since  for  every 
u C 

g - H-M)  = g,  - M)) 

Lr  V>  Li  O 


= - M))^l 


M 


= |h*((m‘')^  - m’^)| 


(u) 

2 


M 


(u) 


= 2 


<t>  (u) 


11  THEOREM. 

(a)  Let  M be  a real  square  integrable  martingale.  Let  (H  ) be  a 
sequence  of  projective  systems  of  bounded,  optional 
processes.  Let  H be  a projective  system  of  bounded,  optional 

1 k li 

processes.  Suppose  for  every  U e ((H  ) ) is  uniformly 

h D 

u k 

bounded  in  k and  converges  pointwise  to  H . Then  (H  *M) 

c 

converges  in  M($  ) to  H-M. 

c 
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(b)  Let  H be  a projective  system  of  bounded,  optional  processes. 

k 2 k 

Let  (M  ) converge  to  M in  M . Then  (h*M  ) converges  to  H-M  in 

G c 

M($^ ) . 


Proof: 


(a)  For  every  u e U^(<J>1) , 

h b 


gu(H  -M  - H.M)  = j(H  )^.M  - H^Mi  ^ 

M . 


$ (u) 


The  result  follows  by  Theorem  IV. 1.6  (a), 


(b)  For  every  U e U,  (<!>'), 

h b 


g - H*M)  = ^ 

u c c ' c c " .2 

M , 


$ (u) 


The  result  follows  by  Theorem  IV. 1.6  (b). 


4.  The  Optional  Integral  in  Nuclear  Space 
Using  the  duality  of  $ and  we  shall  now  extend  the  optional 
integral  of  Chapter  V to  integrate  a bounded,  (weakly)  optional,  $- 
valued  process  with  respect  to  a projective  system  of  special 
semimartingales.  As  in  Section  3,  we  shall  continue  to  identify  the 
spaces  $\u)  and  $[U^],  for  every  U e and  continue  to  use 

<•,  •>  to  represent  the  inner  product. 
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1 LEMMA.  Let  X = (x'^:  U e be  a projective  system  of  local 

martingales  which  are  zero  at  0.  Let  V and  U be  in  such  that 

h b 

VcU.  IfZisa  $[U*^]-valued  local  martingale,  then 

t 

[Z,  x'']  = [Z,  x"^]. 

Proof:  We  note  that  $[U^]  c <t[V*^] ; thus,  [Z,  x'^]  is  defined.  Since 

U V V 

X and  k(U,  V)X  are  indistinguishable  and  k(U,  V)X  has  the  same 

1 V 

representative  in  $ as  the  equivalence  class  X , we  have 

<Z,  X*^>  - [Z,  X^]  = <Z,  k(U,  V)X^>  - [Z,  x'^] 

= <Z,  x'^>  - CZ,  X^] 

is  a local  martingale  which  is  zero  at  0.  Moreover, 

A[Z,  X^]  = <AZ, 

= <AZ,  k(U,  V)AX'^> 

= <AZ,  AX^>. 

Hence,  [Z,  X^]  = [Z,  x'^],  by  Theorem  II. 3.5. 

2 LEMMA.  Let  A = {a'^:  U e ti®  ® projective  system  of 

processes  of  finite  variation.  Let  V and  U be  in  such  that 

n D 

VcU.'  If  H is  a bounded,  $[U^]-valued , measurable  process,  then 

u V 

H-A  = H-A  . 
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Proof:  Since  H takes  values  in  $[U*^]  c 4>[V*^],  and  is 

indistinguishable  from  k(U,  V)A^,  we  have,  outside  of  an  evanescent 
set , 


<Hg,  A^>  = <Hg,  k(U,  V)A^> 

= <«3' 

for  all  s and  t . 

Then  if  {o  = t^,  t^  , t^  = t}  is  a partition  of  [0,  t]  and 

Si  e ]t^,  for  i = 0,  1,  n,  we  have 


<Hq.  A^>  . I <H3  , A^  -a;;  > = <Hq.  aJ>  . ? <H^  . A^  -a;  >. 

i=0  i i+1  i i=0  i i+1  i 


It  follows  that  f H dA^^  = f h dA^  and  H^A*^  and  H*A^  are  indistinguish- 
•'  s s •'  s s 

able . 


We  now  come  to  the  definition  of  the  optional  Integral  in  nuclear 
space . 

Suppose  H is  a weakly  optional,  ^-valued  mapping  on  x having 

a bounded  range.  By  Proposition  1.5,  H takes  values  and  is  bounded  in 

a separable  Hilbert  space  4)[U^],  for  some  U e U Moreover,  for 

h b 

every  [b]  e i»^(U),  where  b is  a representative  in  of  [b],  we  have 
<H,  [b]>  = <H,  b>  is  optional.  H is  then  weakly  optional,  and  hence 
optional  in  $[U^].  If  is  a <l)\u)-  valued  special  semimartingale, 
we  may  then  define  according  to  Theorem  V.2.2.  We  may, 

therefore,  make  the  following  definition. 
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3 DEFINITION.  Let  H be  a weakly  optional  ^-valued  mapping  on  x p 

having  a bounded  range  and  let  X = {x^:  U e be  a projective 

system  of  special  semimartingales.  We  define  the  optional  stochastic 

integral  of  H with  respect  to  X to  be  the  real  semimartingale  H*X^, 

c 

where  U e absorbs  the  range  of  H.  We  denote  this  process  by 

H^X.  If  H is  weakly  predictable,  we  write  H-X  and  we  may  take  X to  be 
a projective  system  of  semimartingales. 

4 THEOREM.  H*X  is  a well-defined  process,  independent  of  the  choice 

of  U e absorbing  the  range  of  H. 

Proof ; Suppose  U and  W are  in  such  that  and  $[W*^] 

contain  the  range  of  H.  We  then  choose  v e U ($^)  such  that  V is 

h b 

contained  in  both  U and  W.  Then  <I>[U*^]  c $[V^]  and  $[W^]  c 'tCV*^].  It 

then  suffices  to  show  H'X'^  = H-x'^. 

c c 

Since  X is  a projective  system  of  special  semimartingales,  there 

exists  two  projective  systems  [15,  III.1]  M = U e and 

h b 

A = {a’^:  U e such  that,  for  every  U e is  a 

local  martingale,  A*^  is  a predictable  process  of  finite 

variation,  = 0 = A^,  and  X^  = X^  + + A^.  Then 

H-x'^  = <H-,  xS  + H*M*^  + H-a'^  and  H*X^  = <H„,  xi>  + H*M^  + H*A^. 
c 0 0c  c 0’  0 c 

Since  k(U,  V)  (x'^  - - A^)  is  indistinguishable  from 

X*^  - - A*^,  we  have  k(U,  V)X^  = X^  a.s.  Hence, 

<Hq,  Xq>  = <Hq,  k(U,  V)Xq>  a.s. 
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= <H 


0’ 


x^>. 


By  Lemma  2,  we  have  H*A^  = 

To  show  it  suffices  to  show  Y]  = Y] 

c C G C 

for  every  real  bounded  martingale  Y (by  the  proof  of  uniqueness  in 
Theorem  V. 2. 2) . 

We  let  be  a bounded,  $[U^]-valued , predictable  process  such 
that  H - is  thin  and  h1  = We  then  decompose  Y]  as 

Y]  = Y]°  + Y]^.  We  then  have 

Y]°  = C(h-m'')°,  Y°] 

= [h-(m'^)°.  y°] 

= y°] 

= h^y°] 

= h^y°] 

= Y°] 

= [h^(m'')°,  y""] 

= y"^] 

= Yf , 


by  Theorems  III. 5. 9,  V.3.6,  V.3.7,  II. ^.8,  and  for  the  fifth  equality 
Theorem  3-^  and  Lemma  1. 
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Since 


<H,  AM^>  = <H,  k(U,  V)AM^> 


= <H,  AM  >, 


we  have,  by  Theorem  V.3.3. 


Hence , 


A(H*m'^)  = <H,  Am'^>  - P<H,  Am'^> 


V D V 

= <H,  AM  > - ^<H,  AM  > 


A(H-M^>, 

c 


Y]J  = Z ACH-m'^,  Y]^ 

3<t  ® 


= Z A H*M  ) AY 

..CSS 

s^t 


Z A(H«M  )„AY„ 
..css 
sSt 


= Z ACH^M  , Y]g 
s^t 


[hV,  Y]?. 
c t 


CH-m'^,  Y]  = Yf  + Y]^ 

o c o 

= Y]°  + Y]'^ 

= Y] 


Thus , 


267 


for  every  real  bounded  martingale  Y and  H*M^  = H«M^.  The  theorem  is 

c c 

then  proved . 


5 REMARKS. 

(a)  If  H is  weakly  predictable,  H*X  is  well-defined  when  X is  a 
projective  system  of  semimartingales  by  Ustanel  [15,  III. 4]. 
Moreover,  H*X  is  a special  semimartingale  if  X is  a projective 
system  of  special  semimartingales. 

(b)  If  X is  a projective  system  of  square  Integrable  martingales, 

H*X  is  also  a square  integrable  martingale.  If  U e U ($^) 
c h b 

absorbs  the  range  of  H,  then  H*X  = H*X^  may  also  be  expressed 
by  Definition  V.1.5. 


(c)  H*X  may  be  characterized  in  the  following  manner;  H*X  is 
c ° c 

the  unique  semimartingale  having  decomposition 

H^X  = <Hq,  Xq>  + W + H*A^,  such  that  for  every  real  bounded 

Y 

martingale  Y,  [W,  Y]  - H*B  is  a local  martingale  which  is  zero 
at  0,  where  = [Y,  <*,  x'^>]. 


(d)  We  may  immediately  extend  H*X  for  a mapping  H that  has  a 


locally  bounded  range,  provided  remains  bounded.  For  we  may 
choose  stopping  times  (T^)  which  increase  to  infinity  such  that 


r-  „ has  a bounded  range.  We  let  U e U,  ($1)  absorb  the 
Lu, i^j  n h b 


HI 

range  of  HI 


C0,T  ]• 

0 0 ^ 

$[11  ] and  $[U  ,],  we  have 

n n+1  ’ 


takes  values  in  both 
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U 


■ "’[0.T„]  5 * 


n+1 


u 


= H1r„  ^ T • X 

[0,T  ] C 
n 


We  then  define  H^X  by  pasting. 

6 THEOREM.  Let  H be  a weakly  optional,  $-valued  mapping  on  x n 
having  a bounded  range  and  let  X be  a projective  system  of  special 
semimartingales . 

(a)  If  K is  a weakly  optional,  ^-valued  mapping  on  R^  x jj 

having  a bounded  range,  then  (H  + K)*X  = H«X  + K*X. 

c c c 

(b)  If  Y is  a projective  system  of  special  semimartingales,  then 

H*(X  + Y)  = H*X  + H‘Y. 
c c c 

(c)  If  T is  a stopping  time,  then  (H'X)"^  = H'x"^  = • X. 

c c L0|Tjc 

Proof; 

(a)  Let  U e absorb  the  range  of  H,  K,  and  H + K.  Then,  by 


(H  + K)*X  = (H  + K)*x'^ 
c c 


Theorem  V. 3. 1 , 
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= H-x"^  + K-X*^ 
c c 


= H‘X  + K*X. 

G G 


(b)  If  U E absorbs  the  range  of  H,  then,  by  Definition  2.9 

and  Theorem  V. 3. 1 , 


H*  (X  + Y)  = H-  (x"^  + y’^) 
c c 


= H-X*^  + H'Y'^ 

G G 


= H*X  + H*Y. 

G G 


(g)  By  Theorem  V.3.2, 


T u T 

(H*X)  = (H‘X  ) 

G G 


° ^^O.T]  c ^ 


and 


= Hl,.^  • X, 

[0,T]  G 


T u T 

(H-X)'  = (H-X"")' 
G G 


G 


T 

= H*X  , 

G 


Where  U e absorbs  the  range  of  H. 

Using  Theorem  V.3.9,  we  immediately  obtain  an  assooiativity 


property . 
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7 THEOREM.  Let  X = {x^:  U e ^ projective  system  of 

special  semimartingales. 

(a)  If  H is  a weakly  optional,  ^-valued  mapping  on  x Q 

having  a bounded  range  and  K is  a real,  bounded,  predictable 
process,  then  KH‘X  = H*(K*X)  = K*(H*X). 


(b)  If  K is  a weakly  predictable,  ^-valued  mapping  on  R^  x 

having  a bounded  range  and  H is  a real,  bounded,  optional 

process,  then  HK*X  = H»(K*X)  = K*(H*X). 

c c c 


Proof; 


(a)  Let  U e absorb  the  range  of  both  H and  KH, 


Then 


KH*X  = KH'X’^ 
c c 

= H*  (K-x"^) 
c 

= H* (K*X)^ 
c 

= H^(K*X), 
and 

KH»X  = KH-X^ 
c c 

= K*(H*X^) 
c 

= K*(H*X). 
c 


The  proof  of  (b)  is  similar. 

We  conclude  with  a convergence  theorem. 
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8 THEOREM. 

(a)  Let  (H*^)  and  H be  weakly  optional,  ^-valued  mappings  on  x 

such  that  (H^)  converges  pointwise  to  H in  $.  Suppose  there 

exists  U e such  that  (h'^)  and  H take  values  in  $[U*^]. 

If  X is  a projective  system  of  special  semimartingales  (resp. 

square  integrable  martingales),  then  (h'^*X)  converges  locally 

c 

1 2 
in  S (resp.  converges  in  M ) to  H*X. 

c 

(b)  Let  H be  a weakly  optional,  ^-valued  mapping  on  R^  x p having  a 

bounded  range.  Let  (m"^)  be  a sequence  of  square  integrable 
martingales  in  converging  to  M in  Then 

c 

2 

converges  to  H*M  in  M . 

Proof: 

(a)  Since  converges  to  H in  $,  lim  p (h“^  - H)  = 0;  hence, 

n 

converges  to  H in  $[U*^].  Then  since 

h"-X  - H-X  = - H-X*^, 

c c c c 

the  result  follows  from  Theorem  V.3.5  (resp.  V.1.12). 

(b)  We  choose  U e absorbing  the  range  of  H.  Then  since 

(m"^)^  converges  to  in  and 

$\u) 

H-m"  - H-M  = H*(m'^)^  - 
c c c c 


the  result  follows  by  Theorem  V.I.13. 


CHAPTER  VII 

SUMMARY  AND  CONCLUSIONS 


The  theory  of  the  predictable  stochastic  integral  has  been  fully 
developed  in  many  settings,  with  many  varying  approaches,  and  the 
predictable  o-algebra  plays  an  important  role  in  both  theory  and 
applications.  However,  the  characterization  of  the  stochastic 
integral  as  an  operator  in  terms  of  brackets,  due  first  to  Kunita  and 
Watanabe,  avoids  the  nature  of  the  predictable  0-algebra  and  allows 
the  extension  of  the  stochastic  integral  to  optional,  and  even 
measurable,  processes.  Meyer  [4,  11]  has  fully  developed  this 
approach  and  has  defined  the  classical  compensated  optional  integral 
of  a real  optional  process  with  respect  to  a real  local  martingale. 

Due  to  the  geometry  of  Hilbert  space,  one  may  define  the  square 
bracket  [X,  Y]  of  Hilbert-valued  semimartingales  X and  Y and  enjoy  all 
the  properties  of  the  square  bracket  of  real  semimartingales.  These 
properties  allow  one,  in  certain  cases,  to  characterize  stochastic 
integrals  of  optional  processes  in  Hilbert  space  in  a manner  analogous 
to  the  real-valued  setting.  In  this  study,  we  have  developed  the 
theories  of  three  optional  stochastic  integrals  in  Hilbert  space  and 
have  applied  these  integrals  to  the  theory  of  stochastic  Integration 
in  nuclear  spaces. 

Using  the  Kunita-Watanabe  inequality,  we  have  first  defined  the 
stochastic  integral  of  a real  optional  process  with  respect  to  a 
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Hilbert  square  integrable  martingale.  As  in  the  real-valued  case, 

this  integral  is  defined  in  terms  of  a continuous  linear  operator  on 
2 

L . We  have  then  extended  this  integral  to  Hilbert  special 

semimartingales,  using  Meyer's  method  for  real  processes,  and  have 

characterized  the  optional  stochastic  integral  in  terms  of  the  square 

bracket  of  Hilbert  semimartingales. 

Secondly,  we  have  defined  the  stochastic  integral  of  an  optional 

Hilbert-valued  process  with  respect  to  a real  square  integrable 

martingale.  We  constructed  this  integral  by  means  of  an  orthonormal 

expansion  of  the  optional  process  and  then  showed,  as  a consequence, 

that  the  integral  defines  a Hilbert-valued,  compact,  linear  operator 
2 

on  L . We  then  made  the  extension  to  integrating  all  locally  bounded, 
optional,  Hilbert-valued  processes  with  respect  to  real  special 
semimartingales . 

Lastly,  we  defined  the  stochastic  integral  of  a locally  bounded, 
optional.  Hilbert-valued  process  with  respect  to  a Hilbert-valued 
special  semimartingale.  This  integral  is  again  characterized  in  terms 
of  the  square  bracket.  The  approach  in  this  setting  begins  by 
constructing  the  integral  of  a bounded  optional  process  with  respect 
to  a square  Integrable  martingale.  In  this  construction,  we  obtained 
a method  that  also  applies  to  the  first  two  optional  integrals  and  in 
particular  to  the  classical  optional  integral  of  real  processes.  More 
importantly,  we  obtained  a natural  definition  of  the  optional 
stochastic  integral  in  terms  of  the  predictable  stochastic  integral. 

In  each  setting,  the  integrals  defined  are  true  compensated 
stochastic  integrals,  which  are  extensions  of  the  predictable 


274 


stochastic  integral,  and  which  agree  with  the  classical  optional 
integral  when  the  Hilbert  space  is  the  real  line.  The  integrals  have 
been  shown  to  have  all  of  the  properties  of  the  classical  optional 
integral  and  to  satisfy  convergence  theorems. 

The  theory  of  stochastic  integration  in  Hilbert  space  is  the 
first  and  most  natural  extension  of  the  stochastic  integral  of  real- 
valued processes.  Kunita  [8]  was  the  first  to  consider  the 
predictable  stochastic  integral  in  Hilbert  space.  We  have  followed 
his  example  by  defining  the  optional  stochastic  integral  in  Hilbert 
space  for  several  different  settings.  Using  these  integrals,  we  have 
further  developed  Ustanel's  [15]  theory  of  stochastic  integration  in 
nuclear  spaces  by  defining  three  optional  integrals  in  nuclear 
space.  The  theory  of  the  predictable  stochastic  integral  in  Hilbert 
spaces  has  since  been  widely  developed  and  the  general  theory  in 
Banach  spaces  continues  to  expand.  We  hope  that  this  study  serves  as 
a foundation  of  the  continued  development  of  the  optional  stochastic 
integral  in  abstract  spaces. 


APPENDIX 

EQUIVALENCE  OF  THE  BMO  SPACES 


We  provide  here  the  details  for  showing  the  equivalence  of 
the  BMO^  spaces  of  E-valued  martingales,  for  p >_  1 . The  consequence 
of  this  result  is  that  is  complete,  which  we  shall  also  prove. 
Lastly,  we  shall  define  the  S^  spaces  of  semimartingales. 


1 LEMMA.  Let  Y be  in  BMO^. 

(a)  For  all  stopping  times  S and  T such  that  S _<  T, 
E(|Y  - Y |P|F  ) < (||Y|  )P  a.s.,  and 

^ ^ ® bmqP 


(b)  |ay|  < |y| 


BMO*- 


Proof: 


(a)  Let  c = |Yl  . Then  almost  surely 
BMO^ 


E(|Y^  - YgJ^lF^)  = E(|E(Y^|F^)  - E(Y^_  | F^ ) | ^ | F J 


0.1  ‘T' 


S-'  T' 


= E(|E(Y„  - Y3_|F^)|^|Fg) 


< E(E(|Y„  - Y3J‘^|F^)|Fg) 
= E(|Y^  - Y3JPIF3) 


< rP 
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(b)  We  let  T = S In  part  (a).  Then 


|AY  |P  < (|Yl  a.s., 

^ bmqP 

for  every  stopping  time  S.  Hence,  by  the  cross-section 
theorem,  |ay|  ^ 

2 LEMMA.  If  Y E BMO^ , then  for  every  stopping  time  S, 

E(|Y„  - Y3IPIF3)  < a.s. 

Proof : We  let  = S + ^ . By  right  continuity,  Y^  _ converges  to 

n 

Y . Hence,  by  Patou's  lemma,  we  have  almost  surely 


E(|Y„  - Ygl^IPg)  ^ lim  inf  E(|Y^  - Y^  J^jP^) 


= lim  inf  E(E(|Y^  - Y^  .rlPg  )|P3) 
n ^n  ^n 


< lim  inf  E((|yI|  „)^|Fc.) 

n BMO^ 


= m p)^ 

BMO^ 


3 THEOREM.  Let  Y be  in  BMO^ . For  all  nonnegative  constants  a and  b. 


bP{Y*  2:  a + b}  < |y|  p{y»  > a}. 

BMO' 


we  have 
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Proof:  Clearly,  we  may  assume  b > 0.  Let  c = l|Y|  . We 

BMO 

define  stopping  times  S and  T by  S = inf{t:  |y  | ^ a}  and 

L> 

T = infjt:  |Y  I S a + b}.  Then  |y  | < a on  all  of  p. 

Let  A = {y*  > a + b}.  For  every  w in  A,  there  exists  t such 

that  1y^(w)|  > a + b;  hence,  the  sets  {t:  |Y^(w)|  > a}  and 

(t:  |Y^(w)  I > a + b}  are  nonempty.  Thus,  by  right  continuity, 

|Y  I ^ a and  |y  I S a + b on  the  set  A.  Moreover,  if  we  let 

O 1 

B = { |Yg|  S a } , then  A c B and  B c {y*  ^ a} . 

Since  |y  | - a ^ 0,  we  have  on  A 

O “ 

a + b < |Y^| 

^bT-V'*IVh 

hence , 

» ^ - Vl- 

Since,  by  Lemma  1,  E(|y  - 7 ||f  ) ^ c a.s.  and  B e F , we  then  have 

1 o'*  o S 

bP(Y*  > a + b)  = JbdP 
A 

A 

^ - Y JdP 

< JcdP 

B 


< cP(Y*  > a). 
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We  now  replace  b by  a sequence  which  increases  to  b,  with 

b >0  for  each  n.  Then 
n 

b p{y*  > a + b } < cP{y*  > a}. 

Letting  n tend  to  infinity,  we  obtain 

bP{Y*  > a + b}  < cP(y*  > a}. 


COROLLARY.  Let  Y be  in  BMO^  . Then  for  every  b ^ 0, 

bE[Y»  - b]  ^ u\  .E[Y*]. 

BMO' 


Proof ; 
t > 0 


We  again  let  c = |Yl  , . By  Theorem  3.  we  have  for  every 

BMO 


< cP{y»  ^ t} 

Integrating  with  respect  to  t and  applying  Fubini’s  theorem,  we  obtain 

bE[Y*  - b]  < bE[(Y*  - b)""] 
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= cE[Y*]. 

5 THEOREM.  Let  Y be  in  BMo\  Then  E[Y*]  < 4|yJ 

BMO' 

Proof : If  we  assume  E[Y*]  < ®,  we  may  apply  Corollary  4.  Letting 

c = |y|  and  b = 2c , we  have 
BMO^ 

2cE[Y»  - 2c]  < gE[Y»]. 

Hence,  E[Y*]  ^ 4c. 

Otherwise,  we  define  stopping  times  T^,  which  increase  to 

T 

infinity,  by  T = inf{t:  |y  | > n} . Then  Y is  also  a uniformly 
n u 

T 

integrable  martingale.  We  shall  show  that  Y is  in  BMo\  Since  Y is 
1 H • 

in  BMO  , Y has  jumps  bounded  by  c = |Y|  i » >^7  Lemma  1.  Thus,  for 

BMO^ 

every  stopping  time  S,  we  have  a.s. 


- Ys"l|Fs)  ^ EClAYg^llFg) 

^ E(|E(Y^  - Y^  g|F^  )||Fg)  + c 
n''  n 

^ E(E(|Y^  - Y^  gllF^  )|Fg)  + c 
n~  n 


= E(|Y 
* 00 


T ..S' 
n 


S> 

n^ 


+ c 


< 2c. 


The  last  inequality  is  Lemma  2. 
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Thus 

since 

T 

n 


Y is  in  BMO^  and 
is  integrable  and 


T 

|Y  I ^ 2c  , for  each  n . 
BMO 


Moreover , 


(Y  ^)*  ^ sup  |Y  I V 

s<T  ® 
n 


^ n V |Y^  I , 
n 

T ^ 

we  have  E[(Y 

Hence,  by  the  first  line  of  the  proof,  we  have 

T , 

E[(Y  ")  ] ^ 4(2c)  = 8c  < ®. 


By  the  monotone  convergence  theorem,  we  have  E[Y*]  ^ 8c  < ®.  We 
may  then  apply  the  first  line  of  the  proof  and  we  have,  in  fact, 
E[Y*]  < 4c. 


6 THEOREM.  Let  Y be  in  BMo\  Then  for  every  n ^ 1 

E[(Y*)"]  < n!  (8|Y|  f. 

BMO 


Proof ; We  again  let  c = |yJ  ..  Let  A be  in  F.  such  that  P(A)  > 0. 

BMO^  ^ 

We  then  replace  P by  the  law  Q = — y( 1 ^P)  and  apply  Theorem  5,  with 

the  law  Q,  to  obtain  E(Y*|Fq)  ^ 4c  a.s. 

Let  S be  a stopping  time.  We  consider  the  process 
X = Y - Y with  respect  to  the  filtration  (G  ) = (F  ).  Then 
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- Yg_  is  integrable  and  for  every  stopping  time  T,  with 
respect  to  (G  ), 

L* 

is  constant,  since  S + T is  a stopping  time  with  respect  to  (F  ) . 

t 

Hence,  X is  a uniformly  integrable  martingale.  Moreover,  we  have 
almost  surely 


E(|X 
‘ 00 


||Gj)  S E(|X^ 
= E(  I Y 


- X^|G^)  + E(|AX^|lG^) 

- Y I If  ) + e( I ay 

s+t'i  s+t  ' s+t 


S+T 


) 


^ 2c, 


by  Lemmas  1 and  2. 

Hence,  X is  in  BMO^  and  |xj  ^ 2c . Thus,  by  Theorem  5, 

BMO^ 

E[X*]  ^ 8c . By  conditioning  on  G^,  as  in  the  beginning  of  the  proof, 
we  obtain  E(X*|Gq)  ^ 8c  a.s.  Hence, 

E(sup|Y  - Y_  1 |f_)  < 8c. 

S<t  ^ ^ 

We  then  have,  for  every  stopping  time  S, 


Y*  - Y*_  = 3up|Y  I - supjY 
^ t t<S  ^ 

< sup|Y  - Y |; 
SSt 


hence , 
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E(Y*  - Y*  |f^)  < 8c  a.s. 

® S-'  S 

Since  Y*  is  an  increasing  process,  we  obtain  [^4,  VI. 105  (a)] 

E[(Y*)"]  < n!(8c)‘^,  f or  n > 1 . 

oo 

7 THEOREM.  All  BMO^  spaces  are  equivalent,  for  p > 1. 

Proof;  Let  1 ^ p $ q.  Since  p/q  < 1 , we  have  for  every  stopping  time 
S and  for  every  Y in  BMo'^ 

- Y3JPIF3)  = E((|Y^  - Y3_I^)P/^|F3) 

^ (E(|Y^  - Y3_|'’|F3)P^'’ 

^ (|Yl^  a.s. 

BMO^ 

= ,• 

BMO^ 

Hence,  Y is  in  BMO^  and  |y|  = |y| 

BMO^  BMO'^ 

To  complete  the  proof,  it  suffices  to  show,  for  each  n S 1, 

BMO^  c BMO^  and  |y|  ^ kjY|  . for  some  constant  k. 

BMO  BMO 

Let  Y be  in  BMO^  and  let  c = |yJ  . By  Theorem  6,  we  have 

BMO 

E[(Y*)”]  ^ nlCSc)*^,  for  n ^ 1.  By  conditioning  on  F„,  we  obtain 

00  Q 

E((Y*)"[F-)  ^ n!  (8c  )’^  a.s. 

00  ' (J 

Let  S be  a stopping  time  and  let  Y = Y - Y , with  respect  to 

w O’  u o 

the  filtration  (G^)  = Then,  as  in  Theorem  6,  X is  in  bmo^ 
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d = |x|  ^ 2c.  Hence,  ECCX*)"^]  ^ nlCSd)*^  and,  by  conditioning  on 

BMO 

we  have  for  n ^ 1, 

E((X*)"|G^)  < n!(8d)”  a.s. 

00  I (J 


That  is,  we  have  a.s. 

E((sup|Y  - Y ^ n!(l6c)". 

S<t 

Finally,  we  obtain,  for  n ^ 1, 

E(|Y„  - Yg.riFg)  < E((sup|Y^  - 

s ^ ^ 

^ n!  ( 1 6c )'^  a.s. 

= ((n!)  16c)  . 

Hence,  Y is  in  BMo”^  and  |Y|  < (n!)^^"l6|Yl  , and  the  theorem 

BMo"  BMO' 

is  proved. 

We  note,  in  particular,  that 

(7.1)  |Y|  ^ |Y|  ^ l6>/2  |Yl 

BMO  BMO  BMO 

We  now  recall  that  H^  is  the  space  of  E-valued  local  martingales  X 

1 /2 

such  that  E[[X,  X]  ] < ®.  Brooks  and  Dinculeanu  [1]  have  defined 

00 

Hg  to  be  the  space  of  E-valued  (in  general,  Banach  valued)  martingales 
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X such  that  E[X*]  < ®.  They  show  is  complete  and  its  dual  is 

E 

1 1 2 
BMO  . We  have  seen,  in  Theorem  11.5.8,  that  the  dual  of  H is  BMO  . 

To  show  that  is  complete,  we  shall  show  that  is  equivalent 

to  h’. 

8 THEOREM.  The  space  h"*  is  equivalent  to 

E 

Proof:  Let  q(X)  = E[[X.  and  m(X)  = E[X»].  Let  X be  a 

■ CO 

bounded  martingale  and  let  a = sup  Ie[(X  , Y )]|  We  assert  that 

YeBMO 

IY| 

1 1 BMO 

— a S q(x)  S 3a  and  — a ^ m(X)  S 2a. 

Let  J be  a continuous  linear  form  on  with  |j|  1 . By 

2 

Theorem  11.5.8,  there  exists  Y in  BMO  such  that  |y!  o ^ 3 

. . BMO^ 

J(W)  = E[(W  , Y )]  for  every  W in  h\  Let  Z = -r  Y.  Then,  Z is  still 

CO  00  ^ 

2 1 
in  BMO  , and  hence  in  BMO  , and 

|ZI  1 ^ |Z1  2 ^ 

BMO  BMO 

Thus, 

|J(X)|  = |eC(X  , Y )]|  = 3|E[(X  , Z )]|  ^ 3a. 

Hence,  q(X)  ^ 3a. 

Let  Y be  in  BMO^  with  |y[  i - 1^1  p ^ ^ 

BMO'  BMO^ 

the  continuous,  linear  form  J defined  on  H^  by 

J(W)  = E[(W  , Y )], 

00  00  ' 
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for  every  W in  h\  has  norm  < 32,  since  by  Corollary  II.  5. 7, 

|j(W)|  < /2  |y|  |w|  . Letting  L = J,  we  have  |l||  < 1; 

BMC  H ^ 

hence , 

|EC(X^,  Y^)]|  = 1J(X)| 

= 32|L(X)1 
^ 32q(x). 


Thus,  a ^ 32q(x). 

If  J is  a continuous  linear  form  on  with  fjj  ^ 1,  there  exists 

Cj 

Y in  BMO^  such  that  J(W)  = E[(W  , Y )],  for  every  bounded  W in  h1, 

and  Jy|  ^ 2 [1,  3.7].  As  above,  we  have  |j(X)|  ^ 2a  and  hence 
BMO^ 

m(X)  < 2a. 

If  Y is  in  BMO^  and  |y|  1 ^ 1 » then  there  exists  a continuous 

BMO' 

linear  form  J on  H,!,  such  that  J(W)  = E[(W  , Y )]  for  bounded  W [1, 

Cj  00  00 

3.7].  Moreover,  jjj  ^ 10.  (Brooks  and  Dlnculeanu  [1]  showed  that 
|||j|||  ^ 10;  however,  since  J is  a real  valued  operator,  we  have 
|jj  = |||j|||.)  As  above,  it  follows  that  |e[(X^,  Y^)]|  ^ 10m(X)  and 
hence  that  a ^ 10m(X). 

Thus,  for  bounded  X,  we  have  a ^ q(X)  i 3a  and 
a i m(X)  ^ 2a.  Hence, 

(8.1)  q(X)  ^ 30ra(X) 


and 
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(8.2)  m(X)  < 64q(X) 

for  bounded  X. 

Let  X be  a local  martingale.  We  define  predictable  stopping 
times  (T^)  which  increase  to  infinity  by 

T = inf(t:  X*  > nl. 
n ‘ t-  ' 

T - 

Then  Y = X is  a bounded  local  martingale;  thus,  it  is  a true 
bounded  martingale.  Since  increases  to  infinity,  we  have,  by 
monotone  convergence  and  Theorem  II. 3. 8, 

q(X)  = E[[X,  X]y^] 

= lira  E[[X,  xj^^] 
n n 

= lira  E[[y", 

00 

n 

= lim  qCY*^). 
n 

Again  by  monotone  convergence,  we  have 

ra(X)  = E[X»] 

= lim  E[(y’’)*] 
n 

= lim  m(Y") . 
n 
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Since  y'^  are  bounded,  we  obtain  (8.1)  and  (8.2)  for  any  local 

martingale  X.  It  follows  that  and  are  equivalent. 

E 

We  conclude  with  some  comments  on  spaces  of  semimartingales. 

9 DEFINITION.  Let  X=X^+M+Abea  semiraartingale , where  M 
is  a local  martingale,  A is  a process  of  finite  variation,  and 
Mq  = 0 = Aq.  We  let,  for  p ^ 1, 


J (M,  A)  = iCM,  ^ + ifldA JI 


s'”lP 


We  say  X is  in  if 


^ M,A  P 


where  the  infimum  is  taken  over  all  possible  decompositions  of  X. 

10  REMARKS. 

(a)  We  note  that  there  are  several  other  equivalent  definitions 

of  S^.  In  particular,  we  may  attribute  the  value  of  X^  to  M 

and  say  JX|  = inf  j (M,  A) . 

S^  M,A  P 


(b)  Suppose  X is  a special  semimartingale  with  canonical 

decomposition  X = X^  + M + A.  Let  H be  a locally  bounded, 
optional  process.  (We  may  take  H and  X to  be  either  real  or  E- 


H*X  = H X„  + H*M  + H‘A 
c 0 0 c 


valued.)  Then 
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is  one  decomposition  of  the  semimartingale  H*X.  Hence, 

c 

|H-X|  , S , * ICHjM,  , ♦ E[|"  |d  (H-A  >3!  ] 

S Lj  Li 

■ IVol,  1 * 1 * EcflHjiiAj:. 

L H 

(c)  Let  X be  a special  semi mart  ingale  with  canonical  decomposition 
X = Xq  + M + A.  Define  Jxf  by 

|X|  = |Xq1  t t + EC|"|dAj]. 

L H 

Then  clearly  |x|  ^ |xj.  On  the  other  hand,  we  assert 

s' 

|X|  ^ 3|X1  . 

s 

Let  X = Xq  + N + B be  any  other  decomposition  of  X. 

Since  X is  special,  B is  locally  integrable.  Hence, 

X = Xq  + (N  + B - B^)  + B^. 

Since  the  canonical  decomposition  is  unique,  we  have 
M = N + B - B^  and  A = B^. 

By  the  proof  of  Corollary  IV. 4. 6,  we  have 

ECf  |dBP|]  = E[f|dBj]. 

By  Theorem  II. 5. 2,  we  have 

|B  - bP|  ^ ^ E[|“ld(Bg  - bP)|] 

H 


^ 2E[f|dBg|]. 
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Hence, 

|X1  = |Xq|  Hn  " B - bP[  + ECj“ldBP|] 

^ \\\  1 Mn|  T Mb  - bPI  ^ + EcridBgl] 

L H H 

^ IXqI  t MnI  ^ - 3E[/”|dBg|] 

L H 

^ 3(|Xq|  ^ + j^(N,  B)). 

Li 

Taking  the  infimum  over  such  decompositions  X = + N + B,  we 

obtain 

!X|  ^ 3lx|  . 
s 

It  follows  that  if  (x'^)  is  a sequence  of  special 

semimartingales,  with  canonical  decompositions 

X*^  = ^0  ^ + A*^,  converging  to  a special  semimartingale 

X = Xq  + M + A,  then  x”  converges  to  X^  in 

converges  to  M in  h\  and  lim  E[|”|d(A"  - A )|]  = 0. 

s s 

n-^ 
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